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SOME NONLINEAR PARABOLIC VARIATIONAL 
INEQUALITIES 

BY 

N O B U Y U K I  K E N M O C H I  

ABSTRACT 

In this paper  we s tudy  initial value problems for nonlinear  parabolic varia- 
tional inequalities involving t ime-dependent  subdifferentials of  convex  func-  
t ions on a Hilbert space.  We shall show the exis tence  of a solution by a 
semi-discret isat ion method  with respect  to the time. 

Introduction 

In this paper we study initial value problems for nonlinear parabolic 

variational inequalities. Let  H be a real Hilbert space, 0 < T _-< oo and ,k be a 

function on [0, T] x H such that for each t E [0, T], ck(t ; ' )  is a proper lower 

semicontinuous convex function on H. Then, for uo • H and f E L'(0,  T; H) ,  
by V[4,, f, Uo] on [0, T] we mean the following: find a function u E C([0, T]; H) 

such that 

(i) u(0) = Uo; 

(ii) ck( .;u( .))EL'(O,T);  
(iii) u' = (d/dt)u ~ L2(0, T; H);  

(iv) f~ (u ' ( t ) -  f(t), u ( t ) -  v(t))dt < f~'{,k(t; v( t ) ) -  ,k(t; u(t))}dt 

for all v E L2(0, T; H)  such that ,k( "; v(.  ) )E  L'(0,  T); where ( . , . )  stands for 

the inner product in H. 

Among many results (e.g., [1-5, 7, 8, 10, 11, 13-17, 21-23]) on the existence, 

uniqueness and regularity of solutions of this kind of problems, the following 

ones are closely related to main results of the present paper. 

(1) In case , k ( t ; ' )  is the indicator function Irt , j( .)  of a closed convex 

subset K(t) of H with parameter t, Moreau [16] showed the existence of a 
solution. 
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(2) In case 0 ( t ; . )  is of the form IK,~( . )+ /3( . )  with a time-independent 

convex function/3 on H, Br6zis [5] gave results on the existence and regularity 

of a solution. 

(3) Watanabe [23] treated the existence problem in case the closure of the 

set D, = {z E H ;  ~b(t; z) < oo} is independent of t (but the domain D(c~b(t ;. )) 

of aO(t ; .  ) may depend on t). Also, P6ralba [17] dealt with the case where the 

conjugate convex function ~b(t ;. ) is in a situation nearly similar to Watanabe's.  

Moreover, recently these results were extended in various directions by 

Attouch-Damlamian [2] and Attouch-B6nian-Damlamian-Picard [1]. 

We shall discuss the existence, uniqueness and regularity of a solution of 

V[qb,[, uo]. Our results complete what were announced in [10], By employing 

the semi-discretisation method (cf. Raviart [18, 19]) we shall prove the exis- 

tence of a local solution u of V[4~,f,  Uo] and simultaneously give some 

estimates for u, u '  and ~b( -; u ( .  )) in terms of [, Uo and ~b(0; uo). In fact, we shall 

consider the following type of sequence of approximate solutions {uN}7~-. C 

L®(0, To;H): uN( t )  = uN.. if t ~ ( eN(n  - 1), eNn], n = 1 ,2 , . . . ,  N (N is a posi- 

tive integer and eN = T o ~ N )  and uN., is a solution of the equation 

e~ ~ (uN., - u~. ,-1) + a~b(eNn ; u'N, . )  ~ fN. ,, 

where u•. o = Uo and 

fN.n = e~; . f ( t )dt ,  n = 1 , 2 , . . . , N .  
N ( n -  I) 

Under a certain smoothness assumption on the mapping t--* d~(t;" ) we shall 

show that a suitable subsequence of {uN} converges to a local solution of 
V[~b, [, uo] in the weak-star topology of L ®(0, To; H).  
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1. Preliminaries 

Let V be a real reflexive Banach space and V* be its dual space. We denote 

the natural pairing between V* and V by ( . , - )v  and norms in V and V* by 

ll" IIv and II" IIv-, respectively. We use symbols "---~ ", " ~ "  a n d "  -~-;" to denote 

the convergence in the strong, weak and weak-star topology, respectively. 
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In this paper,  lim, liminf and limsup are taken in [ - ~, ~] and by a function on 

a subset  S of  V we mean that it is a mapping f rom S into [ - ~, ~]. Let  j be a 

function on S C V. Then j is called proper  on S, if j(x) E ( - ~, ~] for  all x ~ S 

a n d j # ~ o n  S. 

For  a proper  convex  function j on V, the subdifferential aj: V---~ V* is a 

multivalued opera tor  defined by Oj(v) = ~b for  v E V with j(v) = ~ and 

Oj(v) = {v* E V*; (v*, w - v)v < j(w) - j(v) for  all w ~ V} 

for  v E V with j (v )  < ~ .  It is easy to see that Oj is monotone, i.e., 

( v * -  w*, v - w ) v > - O  forany[v,v*],[w,w*]EG(Oj), 

where G(0j )  denotes  the graph of Oj which is the set of all [v, v*] E V x V* 

such that v* E aj(v). 

Le t  to and t, be numbers  such that to<  t,. Then, by C([to, t~]; V) we denote 

the space of all V-valued continuous functions on [to, t,] provided with the 

usual sup-norm, and by LP(to, t,; V), 1 <-p <-~, the space of all V-valued 

(strongly) measurable  functions v on (to, t,) such that the function t ~ II v(t)Ilv 
belongs to LP(to, t,). The norm of v in L~(to, t,; V) is given by 

rl v IlLs, ...... v , - -  

i ,  

e s s .  s u p  {[{ o(t)II; t (to, t ,)} 

l < p  <oo, 

if p = oo. 

Now,  assume that 1 < p  <oo and - o o <  to<  tt <o% and j is a function on 

[to, t,] × V such that for  two constants  a and fl, 

j(t; z) + all z IIv + [3 >-_ 0 for  all z E V and all t E [to, t,] 

and such that j ( t ; - )  is a proper  lower semicontinuous convex function on V 

for  each t E[to,  t,] and the function t--->j(t; v(t)) is measurable  for  each 

v E LP(to, t,; V). Then the function J on LP(to, t~; V) given by 

f" I j( t;v(t))dt  if ] ( . ;v ( . ) )EL ' ( to ,  t,), 
0 

J(v) = 
otherwise 

is convex and lower semicontinuous, and J > - w on L~(to, t,; V). Besides this, 

we have 
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PROPOSITION 1.1. Assume that for each t E(to, tt) and each z E V with 
i ( t ; z ) < o o ,  there is a function v ~ L P ( t o ,  tt; V) such that v ( t )=z ,  
j( .; v(.  )) ~ L ~(to, tt), v is right-continuous at t and 

limsup ](s ; v(s)) <- j(t ; z). 
s~.t 

Let u be a function in L~(to, t~; V) such that j( .; u(.  ))E L~(to, t,) and f be a 

function in LP'(to, t,; V*), where ( l / p )  + (1/p ' )  = 1. Then f E aJ(u) if and only 

if f ( t ) E  aj(t;u(t)) for a.e. t E(to, tO. 

For a proof of this proposition, see the appendix. Also, recall a result of 

Rockafellar [20]; in fact he showed that the conclusion of the proposition is 

valid under a certain condition on the measurability of the mapping t --~ j ( t  ;. ). 

In the rest of this paper, let H be a real Hilbert space and denote by ( .,. ) ,  

and I1" I1,, (or simply, ( .,- ) and I1" II if there is no confusion of notations) the inner 

product and norm in H, respectively. By Br for a non-negative number r we 

mean the set {x E H;[[x II- ---- r}. 

2. Existence and uniqueness theorems 

Let T be a fixed positive number and {~b(t;.);0---t =< T} be a family of 

proper lower semicontinuous convex functions on H. Then we define 

D , = { x E H ; c b ( t ; x ) < o o }  for each t ~ [ 0 ,  T] 

and for each interval [ To, T,] C [0, T], define a function qb~. on L 2(To, T~; H)  by 

Tj qb(t; v(t))dt if rED(ebb'o), 

otherwise, 

where 

D(qbT' o) = {v ~ L2(To, T,; H);  ~b(-; v(.  )) E L'(To, T,)}. 

In particular, we write q) for ~ - .  as well as D(~)  for D(~Tr'o), if To = 0 and 

T,-- T. 

Now, for any given Uo~ H and f E L ' ( T o ,  T,;H),  we pose the following 

problem V[~b,f, uo] on [To, T1]: find a function u in C([To, T,]; H)  such that 

(i) u(To) = Uo; 

(ii) u ~ D(~-'o); 

(iii) u'ELZ(To, T, ;H) ;  

(iv) S g ' ( u ' - L u  - v)dt < - ~ g ~ ( v ) - ~ ( u )  for all v ~ D ( ~ r O .  
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Such a function u is often called a strong solution of V[~b,f, uo] on [To, T,], 

while a function u ~ C([To, T,]; H )  is called a weak solution of Vide, f, Uo] on 

[To, Td if conditions (i), (ii) and the following (v) are satisfied: 

l 1 2 ~ T I T I f g ' ( v '  - [, u - v)dt  - ~]l Uo - v(To)[[ = ~ro(V) - ~To(u) 
(v) 

I. whenever  v ~ D ( ~ o )  and v' ~ L'(To,  T,; H).  

For the problem V[6,[ ,  Uo] on [To, T,] we have 

THEOREM 2.1. Let  u, be a strong solution o f  V[dAf, Uo.,] on [To, T,] 
(i = 1,2). Then : 

II u. (t) - u , ( t )F["  <- [I u , ( s )  - u~(s)11" 

f; + 2 (f ,(r) - [2 ( r ) ,  u,O') - u2(r))d1" 

for any s, t E [To, Td  with s N t. 

PROOF. For any s, t E [0, T], s <= t, we put 

fu20")(resp, u,(r)) if r E [s, t]. 
v,(7)(resp. /)2(~')) / 

lu~(~)(resp, u2('r)) otherwise. 

Since v, E D(~ 'o)  (i = 1,2), we have by (iv) 

f; f; ( u ~ -  ~, u, - v,)d~" N {4 ) ( r ;  v,) - 4 ) ( r ;  u,)}d~'. 

Hence,  adding these two inequalities and using integration by parts, we obtain 

[, [, 
2 ( [ , - f 2 ,  u , - u 2 ) d r > - 2  ( u ~ - u ; , u , - u 2 ) d ~ "  

= if u , ( t ) -  u2(t)[ l"-  II u , ( s )  - u , ( s )  ff 2. 
Q.E.D. 

This theorem guarantees the uniqueness of a strong solution of V[~b,[, uo] 

formulated on each closed subinterval of [0, T]. 

Next  we state main results in this paper. 

THEOREM 2.2. Suppose that 

(H)  there is a non-decreasing [unction r--~ Cr from [0, oo) into itself with the 

following property: for each r >_ 0, t E [0, T], z E D, f3 B, and s E [t, T] there 

exists ~ E Ds such that 
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II -zll<-_C, Is-t[ ,  
and 

4,is ; ~) - q,(t,  z) < C,) s - t I(1 + 14,(t; z)I). 

Then for any given uo E Do and f E L'(O, T; H)  the problem V[ O, [, uol on [0, T] 

admits a strong solution u such that 

f: (2.1) 4,(t; u(t))  - 4,(s; u(s))  ~ K (1 + II l(r)112)dr 

for any s, t E [0, T] with s <= t, where K is a positive constant. 

THEOREM 2.3. Assume that (H) is satisfied. Then, for any given u. ~ D. and 

f E L~(O, T; H)  the problem V[4~,f, Uo] on [0, T] has a unique weak solution u 

such that V'itu' E L ~(O, T; H)  and t ~ t4~(t; u(t))  is bounded on (0, TI. 

THEORF.M 2.4. Assume that (H) is satisfied, and let u be a weak solution of 

V[tk, f, Uo] on [0, T] with Uo E f)o and f E L'(O, T; H).  I[ u' E L 5(0, T; H),  then 

u is a strong solution. 

REMARK 2.1. Under  hypothesis (H)  the variational inequality (iv) is equiva- 

lent to the evolution equation 

u ' ( t ) + O c ~ ( t ; u ( t ) ) D f ( t )  for a.e. t E(0 ,  T). 

This follows immediately from the fact that 

0tb(v) = {g ~ L 2(0, T; H);  g(t )  E aqb(t; v(t))  for a.e. t ~ (0, T)} 

for each v E L2(0, T ; H ) ,  which is a consequence of Proposition 1.1 and 
Lemma 3.3 in the next section. 

REMARK 2.2. In [23] Watanabe showed existence and regularity results of a 

solution of the Cauchy problem 

l 
u ' ( t ) + O q ~ ( t ; u ( t ) ) ~ f ( t )  on [0, T] 

(CP) 
( u(0)= uo 

under the following hypotheses:  

(I) D, = Do for every t E [0, T], 

(II) for every r -> 0, there exist two positive constants C, and C', such that 

[ 6 ( s  ; z) - 6 ( t ;  z ) l < - - I t  - s I(C,6(t ;  z) + C')  

holds, if s, t E [0, T] and z ~ Do tq B,. 
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Also, recently,  Attouch and Damlamian [2] established an existence theorem 

for (CP) with some interesting regularity results under (I) and a weaker 

hypothesis (II)* than (II): 

(II)* for every  r --- 0, there are a constant C, _- 0 and a real-valued absolutely 

continuous function a, on [0, T] such that 

[ ~b(t; z) - qb(s ; z)[ --<1 at( t )  - a,(s)I(qb(t  ; z) + C,) 

for every  s, t E [0, T] and z E Do O Br; 

and subsequently Attouch, B6nilan, Damlamian and Picard [1] gave an exis- 

tence theorem for (CP) with almost the same regularity results as in the above 

papers under more general hypotheses of the following form: 

(III. 1) there are constants a and/3 such that 4~(t; x) + a II x II ÷/3 --> 0 for any 

t ~ [ 0 ,  T ] a n d a n y x ~ H ;  

(111.2) for  each x ~ H  and each /3>_-0, the function t ---~ck~(t;x)  is of 

absolutely continuous positive variation on [0, T], where 

&~(t; x) = inf{~b(t ; y) + (2A)-' Ilx - y 112; y ~ H}; 

(1II.3) there are positive functions b, c E L2(0, T) and a positive number k 

such that 

dt  Ob,(t. )<=b(t){k  ] l x l l . l l A , ( t ) x l l + l l A , ( t ) x i l + l } x l l + c ( t ) }  

a.e. on [0, T] for each )t > 0 and x ~ H, where 

A~( t )  = a - ' { I  - (I  + aa~b (t ;. ))-'}. 

Professor Br6zis kindly pointed out in his letter to the autor that hypothesis  (H)  

in this paper is a sufficient condition for (III.1), (II1.2) and (111.3). But their 

verification is not trivial. 

3. Lemmas 

Let  {~b(t;. );0-< t --- T} be as in Section 2 and assume that condition (H)  is 

satisfied. In this section we show some lemmas that condition (H)  yields. 

LEMMA 3.1. I[ x ,  E D,., tn <-_ t, xn ~ x in H and t~ ~ t as n ~ o o ,  then 

(3.1) 4,(t ; x) -< liminf ~b(t, ; x,).  

PROOF. Take a positive number r so that x. E B, for all n. Then, using (H),  

we can find ~, E D, for  each n such that [1~. - x ~  I[ =< Cr[ tn - t  l a n d  
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da(t; 2 . )  ~ ck(t.; x . )  + C, I t. - t [(l + l qKt.;  x .)[) .  

H e n c e  we get  

f(1 - Cr[ t. - t [)4~(t. ; x . )  + (7,[ t. - t [ 
4,( t ;  2 . )  

t ( l + C , ] t .  t t ) c b ( t , ; x . ) + C , [ t ,  t] 

f r o m  which we see 

if 4 K t . ; x . )  => O, 

if 6 ( t . ; x . )  < O, 

311 

l iminf  qb(t; 2 . )  _-< l iminf  ~ ( t ,  ; x , ) .  

Since 2, --~x in H and ~b(t ; .  ) is lower  s emicon t inuous  in H,  the inequal i ty  (3.1) 

fol lows.  Q.E .D.  

LEMMA 3.2. There are posit ive numbers  bo and  b~ such that  

(3.2) 4,(t;  z) + bollz I1+ b, = 0  

for  all t E [0, T] and  all z E H. 

PROOF. Us ing  ( H ) ,  we can  easi ly  find a set  {z, E H ;  0_-< t =< T} and ro > 0 

such that  z, E B,o and I ~b(t ; z,) I =< ro for  eve ry  t E [0, T]. N o w ,  set  r = ro + 1 and 

choose  a par t i t ion {0 = So< s, < . - .  < s, = T} of [0, T] so tha t  C, I s, - s H  [ <-_ 

1/2 fo r  i = l, 2 , . . . ,  n. M o r e o v e r ,  s ince ~b(t ;. ) is p rope r  lower  s emicon t i nuous  

c o n v e x  on H fo r  each  t E [0, T],  there  are pos i t ive  cons t an t s  c~ and c2 hav ing  

the p roper ty :  

4~(s~ ; z) _-> - c,I] z ]]-  c2 for  all z E H and i = 1 , 2 , . - . ,  n. 

By ( H )  we see tha t  fo r  each  t E [s~_~, s~] and each  z E B,, there  is 5 E D,, such  

that  II ~ - z II--< 1/2 and 

6 ( t ; z )  => 6 ( s , ; 5 ) - ( 1  + ] 6 ( t ; z ) t ) / 2 .  

Hence ,  for  all z E B,, 

6 ( t ;  z) + l  6 ( t ;  z ) I / 2  => - c,II z II-  c 2 -  (c,  + 1)/2. 

F r o m  this it fo l lows  that  fo r  some  pos i t ive  cons t an t s  c3 and c ,  

(3.3) 4,(t;z)+c3llzll+c,>-o for  all t E [ 0 ,  T] .and for  all z ~ B , .  

Next ,  let z be  any  e l emen t  of  n such tha t  II z II > • and put  0, = 1/ll z - z, II and 

x, = O,z +(1  - O,)z, fo r  t E [0, T].  Then ,  

IIx, II--< I l x , - z ,  I[ + II z, II-- o, llz - z ,  I[+ II z, II = 1 + 11 z, II-- < r, 
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Therefore ,  by (3.3), 

O,~b(t;z)+(1 - O,)4~(t;z,)+ c,It x, I1+ c, 

=> 4~(t; x,) + c,llx, II+ c,_-> 0, 

so that  

¢( t ;  z) + 0/(c3[[ x, II + c, + ro) => 0, 
f rom which we infer that  (3.2) holds for  some bo and b,, because  

and 

o : ' = l l z -  ~, ll<-II=ll+ ro 

II x, II/o, = II x, I1" II o,(= - = , ) I I /o ,  --< II x, I1(11 ~ II + II z, II) --< rll z II + r ' .  

Q.E.D. 

LEMMA 3.3. Let  Xo be an element o f  D~ with to ~ [0, T], r be any number  that 

is not less than [[ xo I[ + l and ~l be the largest number such that to + 71 <- T and 

Cry! <= 1. Then there is an H-valued Lipschitz  continuous function h on 

[to, to + 7/] with Cr as a Lipschitz  constant  such that h(to) = xo and r~(t ; h( t ) )  <- 

~(to; Xo) + Mo(t - to) for every t E [to, to + 7/], where Mo = Mo(r, 4}(to; xo)) is a 

positive constant. 

PROOF. For  the sake of simplicity,  assume that  to = 0 and 7 /=  T. We set for  

each positive integer n 

t~ = Tk/2 ~, 

and 

k = 0 , 1 , . . . , 2  n, 

An = { t ~ ; k  = O, 1 , . . . ,2n} .  

Now,  we are going to build a sequence {x ~ ; k = 0, 1,. •.,  2 n } C B, as follows: Le t  

xg = Xo. When x~ E D,~ N B, is given, we choose  x~+, E D,~+, by using (H)  so 

that  

(3.4) 
(3.5) 

[[x~+,- x~ I[--< G[  t~+ , -  t~ I = C,T/2n, 

4~(t ~+,; x ~,+,) <= ~b(t~ ; x~) + (1 + I ~b (t 7, ; x D  l) C,T/2". 

Then we have 

k 

I[x~+,- xol[ ~ E IIxT÷,-x7 I1~ C~T~ 1, 
lEO 
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so x~+, E B~. Thus {x~;k = 0, 1 , . . . , 2"}  is defined by induction. Next ,  setting 

s~7, = th(t~ ; xT,) and (s~) + = max {~,  0} for each n and k we see from (3.5) that 

s¢~÷,-<_ ~ +[s¢~ [C,T/2" + C,T/2", (3.6) 

and hence 

(~:~+,)+_-<(£~)+(1 + C~T/2") + C~T/2", k =0, 1,...,2", 

provided that n is large enough so that 1 - C,T/2" >= O. This implies that for  all 

large n ,  

(s¢~)+ =< (s¢~)+(1 + C,T/2") k +(C,T/2"){1 +(1 + C,T/2")+... +(1 + C,T/2") k-'} 

(3.7) ~(scg)÷(l +2 - " )  2" + ( l  +2 - " )  2" - 1 

<-(¢~)+e+e-l=M, k = 0 , 1 , . . . , 2 " .  

Define a sequence {v.} of functions on [0, T] such that v.(t) is equal to x[  if 

t = t~ and is linear between points t~ and t L ,  in A.. Then it follows from (3.4), 

(3.7) and Lemma 3.2 that for  all large n, 

[lv.(t)-v.(s)l t<=C[t-sl  foranys, t~[O,T] 

and for some positive constant 

Ick(t;v.(t))l<-_Kt f o r a n y  t ~ A.. 

Therefore ,  by (3.6), 

(3.8) 6 ( t ;  v,(t))<= 6(0,Xo)+ C,(I + / f / ) t  for any t CA..  

Since the sequence {v,} and the sequence {v'o} of their derivatives relative to t 

are bounded in L2(0, T; H),  we can build a new sequence {win} such that each w,, 

is of the form 
~m 

Z 7o., 

w i t h a j  ---0, "' " " Ej . ,a j  =l,  mj>=m, andm,~ooasm~ooandsuchthatw. , - -~h,  
w'---~h' in L2(0, T;H) as m ---~ oo for some h E C([O, T]; H). Then it is easy to 

see that h ( 0 ) =  Xo and 

t lh(t)-h(s)[[<-C,[t-s[ foranys, tE[O,T]. 

From (3.8) we infer that for each m 

¢k(t;w.,(t))<=cb(O;xo)+C.(l+Jfd)t for  any t ~ A.,,. 
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Now, for each t E[0 ,  T], take a sequence {s,,}C[0, t] so that s,, EA,,, and 

s~---~t as m ---~oo. Then w~(sm)--~h(t) in H as m --~oo, so by Lemma 3.1 

4,(t; h(t))  <= liminf 4,(s~ ;win (s~)) 
r n ~  

-<- 4,(0; xo) + C,(1 + ]~/)t. Q.E.D. 

REMARK 3.1. The constant Mo = Mo(r, 4,(to; Xo)) in the above lemma is able 

to be chosen so as to have the property that it varies in a bounded set in [0, oo), 

when r and 4,(to, Xo) vary in a bounded set in R ~. 

REMARK 3.2. The author is indebted to Professor  Br6zis for  the proofs of 

Lemmas 3.1, 3.2 and 3.3, and the proof of Lemma 3.2 is a slight modification of 

that of Lemma 1 in Attouch-Damlamian [2]. 

COROLLARY TO LEMMA 3.3. There are positive numbers ~ and i~lo which 

have the following property : for each s E [0, T] there is an H-valued Lipschitz 

continuous function h~ on L = [s, min{s + ~, T}] with I(,to as a Lipschitz 

constant such that 4,(s; h,(s))  <= lVlo and 

4 , ( t ; h , ( t ) )<=4 , ( s ;h~ ( s ) )+IQo l t - s l  [ o r a n y t E L .  

PROOF. Let  {z, ~ H ; 0  < t _-< T}, ro and r be as in the proof of Lemma 3.2, 

and let ,) be a positive number such that C,~ = 1. Then we see from Lemma 3.3 

that for each s E [0, T] there is an H-valued Lipschitz continuous function h, 

on L with Cr as a Lipschitz constant such that h,(s)  = z, and for any t ~ L, 

4,(t; h,(t))  = 4,(s; z,) + Mo(r, 4,(s; z,))[ t - s [. 

If we take such a number ]~/o that is not less than ro, C, and 

sup (Mo(r, 4,(s ; zs)); 0 _-< s _-< T}, then we see that ,~o and ~ fulfill the required 

properties. Q.E.D. 

For a closed subinterval [To, TdC[0 ,  T] and each positive integer N, put 

eN = (Tz - To)/N, IN., = [To, To+ eN] and IN.n = (To+ eN(n - 1), To+ eNn] for  

n = 2 , 3 , . . . , N .  Next,  define a function 4,N on [To, T~]×H by cbN(t;z) = 

4,(To + eNn; z) if t ~ IN., and z E H, and a function qbr~.N on L~(To, T~; H)  by 

{!: 7" l qbrroLN(v) = 4,N(t; v( t ) )dt  if v E D(~ra.N) 

otherwise, 

where D ( ~ . ~ )  = {v E L2(To, T,; H);  ~N( ' ;  v( .  )) ~ L~(To, T,)}.Then we have 
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LEMMA 3.4. For each v ~ D(cbr'o) there exists a sequence {v~}C 

L ~(To, T,; H) such that v~ E D(~r£N), v~ ~ v in L ~(To, T,; H) as N--.oo and 

limsup ~ , N  (vN) _-< ~ , N ( v )  

PROOF. For simplicity we assume that [To, Tt] = [0, T] and hence write ~N 

for ~ . N  as well as • for qb~. 

Let v be any function in D(qb). Given v > 0, choose a closed subset E ~ of 

[0, T] such that the measure of [0, T ] - E "  is not larger than v, v[~- is 

continuous and 4~('; v(.  ) ) l ~  is finite and continuous on E"  and such that 

(3.9) 

ft I¢ ( t ;v ) ld t<=v '  
O, T ] - E  ~ 

[I l[ ~dt ~ v~. P 

O.T]-E" 

Set E ~ , .  = E ~ N  IN., (n = 1 , 2 , . . . , N )  and take a positive number r~ so that 

II v(t)II --< r~ and I ~b(t; v(t)) l <- r~ for any t E EL If EL., ~ ~ ,  then we pick up a 

point tN.. ~ E~. .  and an element vN., E D ~  such that 

II - v(tN,.)ll---- c,:N 
and 

~(ENn ; vN. , ) -  ,~ (t,,.. ;v(tN.-9---- C, oeN(1 + r~) 

(such a vN.. exists by condition (H)). According to the Corollary to Lemma 3.3, 

there is a bounded H-valued function ho defined everywhere on [0, T] which is 

continuous on [0, T] except a finite number of points in [0, T] and has the 

property that the function t ~ 4~(t; ho(t)) is bounded on [0, T]. Now, let us 

define 

WN(t)=~ 1 vN,, if t ~ E ~ , . ,  n = l , 2 , - . . , N ,  

(ho(eNn) if t E I N . , - E ~ , . ,  n = I , 2 , . . . , N .  

Clearly, for every n with E~, .~  0 ,  

sup{[I WN(t) -- V(t)ll; t E E~,.} <= C,:N + sup{[[ v(t. , .)  - v(t)ll;t ~ E~,.} 
and 

sup {~bN(t ; WN(t))-  ~5(t; v(t)); t E E~. ,}  

<= C, oeN(1 + r~) + sup {~b(tN., ; v(tN. ,)) -- ~b(t; v(t)); t E E~. ,}. 
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wN(t)--~ v(t) in H uniformly on E ~ as N - - ~  

limsup ~ , ( t  ; WN(t)) < ~(t  ; v(t)) for each t E E ~, 

so that there is a positive integer No such that for all N _-> No 

f ~¢( t ;  wN)dt <--f ~b(t; v)dt + v 
Je J~ v 

and 

yEllw  vtl dt =< F 2" 
u 

From these inequalities together with (3.9) it follows that for all N_-> No, 

tI)N(W") N t~(V) q- 2/2 q- ft0. T]-~" IckN(t;h°'N)[dt 

_-< ~(v)  + 2v + v sup{[ tkN(t ; ho,N(t))[; 0 < t _--< T}, 

where ho.~(t) = ho(eNn) for t E IN.n, n = 1 , 2 , . . . , N .  Similarly we obtain 

fir wN - v ll2dt < 2 v 2 +  vsup{t{ho(t)II;0 <= t =< T} 

We have seen above the following: for each e > 0, there exists a sequence 

{w~,} and a positive integer N~ such that w;cED(@N) for all N, 

]! weN-- V I[L2(O,T:H)~ ~. and @~(w~) _--< @(V) + e for all N >-- N,. Making use of such 

a sequence {w~,}, we can easily construct a sequence {vN} which fulfills the 

required properties in the lemma. Q.E.D. 

4. Approximation of V[~, f, Uo] 

We assume that condition (H) is satisfied. 

The purpose of this section and the next section is to show the following 

local existence result with some regularity properties for a strong solution by 

such a difference method as mentioned in the introduction. 

PROPOSITION 4.1. Let f be any function in L 2(0, T; H). Then there exists a 

positive number (1 with the following property: for each ToE [0, T] and each 
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uoEDro,  the problem V[ cb, [, Uo] on ITo = [ To, min { To + ~, T}] has a strong 

solution u such that  

f ' ( l  + (4.1) 6 ( t ; u ( t ) ) - c k ( s ; u ( s ) ) < - K ,  II [(~-) 11~)dr 

for  any s, t E Iro with s <= t, where K~ is a positive cons tan t  which depends only 

on ilf[[L'<O.T:m.t[ UOtl and 4~(To; uo). 

By a sequence of lemmas we shall prove  the above  proposit ion.  

First, let ~ be the same number  as in the Corollary to L e m m a  3.3. Then,  by 

L e m m a  3.2 and the Corollary to L e m m a  3.3 there are a positive constant  L and 

a family {h,;0 < t _-__ T} of /-/-valued Lipschitz continuous functions h, on 

/, = [t, min{t + ~, T}] such that 

II h,(s)II--< L and I ~b(s; h,(s))  I --< L for  every t E [0, T] and s E I, 

and L is a Lipschitz constant  of every h, on I,. 

We use the same notation as mentioned just before L e m m a  3.4. Let  f be any 

function in L2(0, T ; H )  and Uo be any element  of Dro with ToE[0 ,  T]. For 

simplicity, we assume that To = 0 and lro = [0, T~], and denote by h the function 

ho. 

By virtue of a result of Browder  [6;theor.  2] (or [9; theor. 4.1]), for each 

n = 1,2, • •., N and given z E H the equation 

(4.2) ~l (Wo  - z)  + Oc~(~Nn ; Wo) ~ [N. n 

has a solution wo E D,~,  where 

[N.n = e~' [ ( t )d t ,  n = 1 , 2 , - . - , N .  
d E N ( n - - l )  

Now,  we define a sequence {uN. n}~-, as follows: Let  UN.O = Uo and uN. ~ be a 

solution of (4.2) with z = uN.o-~ for  n = 1 , 2 , . . - , N .  Then 

(4.3) ~ e;~'(UN.n--UN.~-,, UN.,--X)--(F~.~, U~.~--X) 

[ 
<--_cb(eNn;x)-cb(tNn;uN.~) for  all x E H  

for n = 1 , 2 , . . . ,  N, and we have 

LEMMA 4.1. There is a posit ive cons tant  M~ = M,(ll.fllL~o.~:,,,,lluoll) such 

that  

(4.4) max II uN.n I1 = =< M,; 
I ~lla "¢ N 
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(4.5) 

PROOF. 

N. KENMOCHI 

N 

Substi tut ing h ( e ~ , n )  for  x in (4.3), we see that  

e k ' ( u N , ,  - uN, n-~, u N . ,  - h ( e N n ) )  - ( f s .  n, u N , .  - h ( e N n ) )  

--< &(eNn ; h ( , N n ) )  - ~b(e~n ; u~. .)  

fo r  n = 1 , 2 , . . . ,  N. N o w ,  we observe  that 

- I  e ~ ( u ~ , , ,  - u N . . - , ,  u~ , .  - h ( e N n ) )  

-- (2eN)-'(ll uN.. - h ( e u n ) 1 1 2 -  Ilu~, , _ , -  h ( e N n ) [ I  2) 

--- ( 2~ ) - ' ( 11  uN.  ~ - h ( e u n ) [ I  2 - [ [ u , ~ . . _ ,  - h ( e N ( n  - I))I12) 

- (2~N)-'I[ h ( ~ . n )  - h ( ~ ( n  - ~))I1(11 uN. . - ,  - h ( ~ . n ) l [  

+ II u N , . - , -  h ( e N ( n  - 1))11) 

-> (2~ ) - ' ( 11  uN,  . - h ( e N n  ) It ~ -  II aN.  o _ , -  h ( e N (  n - 1))II 2) 

- L (11 u N , . - ,  It + L ) 

>-- (2~N)-'(II u,~.~ - h ( ~ , n ) I I  2 - I I  uN. n - , -  h ( ~ N ( n  -- ~))II 2) 

- 311 u,~, . _ ,  II 2 - ( l  + ( 4 ~ 5 ) - ' ) L  ~, 

ifN..,UN.o -- h ( ~ N n ) )  -------It fN,.  licit u~. n II + II h (e~n)]]) 

<_- ~11 uN.. II ~ + II fN. ~ IIV(2~) + ~ L  ~ 

Israel J. Math., 

and by L e m m a  3.2, 

, l , (e, . ,n; u,. , . .)  >- - bol} uN,~ JJ-  b, => - 811 uN,. il = -  boV(48)  - b , ,  

where  ~ is an arbi t rary posi t ive number .  There fo re ,  putt ing 

R,(8)  = (2 + 23 + (2~ ) - ' )L  2 + b zo/(2~) + 2bo + 4bl,  

we have 

II uN,  o - h ( ~ . . ) I I  2 -  Ilu,~..-, - h ( ~ N ( n  - 1))II = + 2~-II  6 ( ~ . n  ; uN. n)l  

=< 4~eNl] uN,.  112+ 28*,~11 uN. ~-, II 2 + tt [~.-112/* + e~R,(~) 

for  n = 1 , 2 , . . . , N ,  so that  
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(4.6) 

I 

I I ~ N , - - h ( e N I ) l l ~ + 2 e N Z  [ ck(eNn ; uN..) l 
n = l  

fo =< 66eu 2 I! .N, II ~ + 8 - '  "~ . II f ( t ) l l2dt + e.tR,(8) 
. = 1  

+ 23e~  II u,,[I 2 + II u , , -  h (o)11 ~ 

for  I = 1 , 2 ,  • • . ,  N. This  implies  that  for  any  v > 0 there  is a pos i t ive  n u m b e r  

R2 = R2(v ,  IIflIL,,o.T:n,,II Uoll) such that  

! t 

El uN., II 2 + e N E  I ~(eNn ; u~. . ) l  ~ . e N E  II uN.. II = ÷ R2 

for  l = 1 , 2 , . . . ,  N .  F r o m  this fac t  it fo l lows that  (4.4) and (4.5) hold fo r  s o m e  

pos i t ive  c o n s t a n t  Ml(tt J: [IL2(O, T; r/,, H/~o ll)" 

LEMMA 4.2. F o r  a p o s i t i v e  c o n s t a n t  M2 = M2(llf l lL,,o.r;m, llUoll, 4~(0; Uo)) w e  

h a v e :  

N 

(4.7) e~ '  ~ l[uN.. - uN..-,ll~ ~ M2; 
n = l  

(4.8) max  I da(eNn ; UN, . ) [  <-- M2; 
I ~ n ' . g N  

ff (4.9) ~(eNn;uN,,)<--rb(O;uo)+M2 (l+llf(t)ll2)dt /or  n = 1 , 2 , . - - , N .  

P~OOF. Since UN.. • D . ~  N B. with r = ~ + II u011 fo r  n = 0, 1 , - . . ,  N, by  

( H )  there  exis ts  liN.. • D~,~ fo r  each  UN,.- .  n = 1,2,-  •. ,  N, such  that  

(4.10) { [ l u N ' " - ' - t i N ' " l [ < = c r e N '  

cb ( eun ;  aN..) -- ~b(eN(n -- 1); UN..-,) ------ GeN(1 + I qb(eN(n -- 1); UN,.-,)I). 

Tak ing  flU.. as x in (4.3). we have  

e- . ' (UN,.  -- UN..- , ,  UN.. -- t iN..)  + ~ ( e N n  ; UN, . )  -- ck(eNn ; f iN. .)  

<= (IN, .. uN,. -- tiN..) for  n = 1 , 2 , ' '  ", N. 

F r o m  this and (4.10) it fo l lows  that  

(2eu)- '[[ uN..  - uu, . - ,  [[~ + ~b(eNn ; UN..)  -- d ~ ( e u ( n  - 1); UN, . - , )  

(2eN)-tll Uu, . - , -  tiN.. 1{2+ c/~(eNn; tiN.. ) - ~b(eN(n  -- 1); uu, . - , )  

+ (IN,., uN.. - uN..-,) + (IN,., uN..-, - tiN,.) 
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2 = (C,/2)er¢ + C, eN(1 + I 4,(e, , ,(n - l ) ;  u,,,.._,)I) + e,,, II fN., II 2 

+ (4eN)-'JJ uN.. - uN..- ,  !12+ C, eNll .fN.. II, 

SO 

(4.1 i) 
(4e~,)-'[[ uN.. - u~..-,[12 + ~ ( e N n ; u N . , ) -  ~ ( e ~ ( n  - 1); uN.,-,) 

<= C.e.14~(eN(n - 1); u~,.- ,) l  + eNl]/,~,, il 2 + c.~.ll[,~,. II + (c2./2 + C.)eN 

for  n = 1,2, .  •. ,  N. Adding  these  inequali t ies  f r o m  n = 1 up to n = l, we  get  

t 

U 2 ( 4 e N ) - '  ~] II uN. .  - N . . - ,  II + , t , ( e . . ,  ; u . . , )  

' fo'" (4.12) <--,b(O;Uo)+C, eN~]Ck(eN(n--1) ;UN, . -OI+ llf(t)ll~dt 

[J + 6", rp[(t)ffdt + (C~/2 + C ) e , d  

for  I = 1,2, .  •. ,  N. Hence ,  on accoun t  of  L e m m a s  3.2 and 4.1, there  is a pos i t ive  

cons tan t  JI7/2 depend ing  only on tl/ll:,o.~:-,,llUoll and ~b(0; uo) for which 

N 

e~:~l lu,~. . -uN,.- , l l2=<Eh a n d  m a x  I , / , (e .n ;uN. . ) l~M2 
n ~ l  l ; l ln ~ i N  

hold. Again  re turn ing  to (4.12), we obta in  

qb(eNl; uN. ,) ~ 6 (0 ;  Uo) + C, (.ll712 + I ~b(0, Uo) l+  C,12 + 1)eNl 

+ fo'~'llf(t)ll2dt + C./o"ll/<t)lldt 
for  l = 1,2,-  • . ,  N. T h e r e f o r e  we  have  the requi red  inequali t ies  with a sui table  

M2 = M2(II/I1:,o, T~.,, II Uo II, 6 (0; Uo)). 

LEMMA 4.3. There is a positive constant M3 = M,(II/IIL2,o.T:,~,,II Uo11) such 

that 

N 

(4 .13)  ~ ( e . n ) e  ~' 11 u N .  - u,~.. ,112 = M , ;  
n ~ 2  

(4.14) m a x  (e~n)[ ¢k(eNn ; uN. ,)1 =< M3. 

PROOF. W e  can p r o v e  this l e m m a  b y  a ca lcula t ion similar  to that  in the p r o o f  

of  the p rev ious  l emma.  In fac t ,  we  o b s e r v e  that  (4.11) is valid fo r  n = 
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2 , 3 , . - - , N .  Multiplying (4.11) by eNn and adding them from n = 2 up to 1, we 

obtain by Lemma 4.1 

I 

4-'~_~ (eNn)e N'tl uN,. - uN, . - ,  II = + eNlcb(eNl; UN,, ) 
n ~ 2  

_--< eN~b(eN ; UN, ,) + ~ eNdp(eN(n -- 1); uN,.-,) 
n ~ 2  

1 t 

+ c,,Y__, (e,n)e,,, 1 4,(eN(n - ~); u~,.._,) I + Z (eNn)eNII f,,,,. I1' 
n = 2  nff i2 

L I 

+ C.~'. (eNn)eNtl.fN,. 11 + (C2./2 + C. )~ .  (eNn)eN 
n = 2  n x 2  

~2MI + C.T,M, + T,f[ . f  [[~_,,o. r: ,,, + C.T, llf l lL',o.r:m 

+ (C=./2 + C.)T~ for 1 = 2 , 3 , . . . , N .  

From these inequalities we immediately see that (4.13) and (4.14) are satisfied 

for a certain M3(II f I1~ ~<o. T:. , ,  II Uo II). Q~.E.D. 

REMARK 4.1. As is easily checked, we see the following: Mr and M3 can be 

chosen so as to be bounded functions in [If [[L~O.T:m and [[ uoI[, and also M2 can 

be chosen so as to be a bounded function in 1[ f [[L~to, T;m, 11UO[[ and ~b(0; Uo). 

Now, define step functions uN and VNUN for each N as follows: 

-z . - 0  if t E I N .  uN(t)  = UN,. and VNuN(t)= e~(UN, .  --UN, 

for  n = 1 ,2 , - - . ,  N. Then, by Lemma 4.1 the sequence {uN}Tv-~ is bounded in 

L®(0, T,; H)  and by Lemma 4.2 the sequences {XTNUN}7-, and {~bN( "; UN(" ))}7~-, 

are bounded in L2(0, T1; H)  and L®(0, TO, respectively. 

LEMMA 4.4. For  any s, t E [0, TI] we have 

II UN(t) -- aN(S)II ~ V( t  t - s I + 2eN)M2.  

PROOF. Let  s ~ IN. m, t E I. . ,  and rn _--< n. Then, by Lemma 4.2, 

tl UN(t) - u~(s) f[  

t12 

--< k ~ , n + t ,  - t  U - -  I ~ N n  - -  E N m  

<= X/( t t - s I+ 2eu)M~.  
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5. Convergence of approximate solutions 

In this section also we assume that condition (H)  is satisfied and show that a 

suitable subsequence of {uN} constructed in the previous section converges to a 

strong solution V[~b,f, uo] on [0, Td. 

From the facts proved in Section 4 it follows that there is a subsequence {Nk} 

of {N} such that 

w • 

uN~ ~ u in L~((). T~; H )  

and 

TN~UNk ---~ ~ in L 2(0, T, ; H)  

as k --~oo for some u ~ L®(0, T,; H)  and li E L2(0, T,; H).  For  simplicity we 

denote these subsequences {UNk} and {VN~UN~} by {uN} and {VNuN} again 

respectively. 

LEMMA 5.1. ~ = U' in L 2(O, T,; H ) .  

PROOV. Let a be an arbitrary element of H and p be an arbitrary real-valued 

continuous function on [0, T,] and put 

p N ( t ) = p ( e N n )  if t ~ I ~ . , ,  n = l , 2 , . - . , N .  

Then 

o r' (VNuN(t), a ) p N ( t ) d t  

N 

= ~ ,  (uN., - u N . , - , , a ) p ( e N n )  
n = l  

fO TI-eN = (uN. N, a ) p ( T , )  - (Uo, a ) p ( e N )  - (uN(t) ,  a)e-N'{oN(t + e~) -- pN(t))dt .  

If the support of p is compact  in (0, T,) and if p is once continuously 

differentiable, then by letting N---> ~ we have 

L ( a ( t ) , a ) o ( t ) d t  = - ( u ( t ) , a ) o ' ( t ) d t .  

This implies that u ' =  ti. 

LEMMA 5.2. 

(a) u is an H-va lued  con t inuous  func t ion  on [0, T,] such  that  u(O) = uo. 

(b) There is subsequence  {uN,} o f  {uN} such that  uN,(t)--~ u ( t )  in H f o r  all 

t E [0, T,] as l --~ oo. 
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PROOF. We denote by Z the set of all rational numbers  in [0, T,]. Since 

!1 u~(t)II 2<- M2 for  all t ~ [0, T~] because of L e m m a  4.1, there is a subsequence 

{uN,} such that {uN,(t)} weakly converges  in H for every  t E Z. Now,  let us 

denote the limit by v ( t )  for each t E Z. Then,  by L e m m a  4.4, 

[ [ v ( t ) - v ( s ) l l < = x / [ t - s l M 2  for  any s , t ~ z .  

Therefore  v: Z---~H is continuously extended to an H-va lued  continuous 

function on [0, T~]. Again we denote this extension by v. Given t E [0, T~] and 

o" > 0, we find t~ E Z so that I t - t~ I <= o-. Moreover  it follows f rom L e m m a  4.4 

that for each z U H, 

limsup I (uN,(t) - v(t) ,  z)] 

= limsup {[[ uN,(t) - uN, (t~)I1" II z I[ + l ( u N , ( t ~ )  - v(t~),  z) l}  

+ II v(t~) - v ( t ) I 1  II z II 

-< 2v~2o~1  z It. 

Hence we see that for  every t E [0, T,] 

uN,(t)--~,v(t)  in H as I ~  

and u = v on [0, T,]. Next  observe  f rom (4.7) in L e m m a  4.2 and L e m m a  4.4 that 

II uN, t t  ) - uoll 

<= II uN,(t ) - uN,(o)11 + 11 u~, (0) - Uoll 

=< x/( t  + 2 eN,) M2 + MV'-M~e~, 

for any t ~ [0, T,]. Hence  II u ( t )  - uoll =< w'-'M--~2t for any t E [0, T,], which implies 

that u ( 0 ) =  uo. Q.E.D. 

Again, for the sake of simplicity we denote the subsequence {uN,} in L e m m a  

5.2 by {u~}. 

Fur thermore  we have 

LEMMA 5.3. For  any t E [0, T1], 

Io' ~b(t; u( t ) )  <= ~b(0; Uo) + M2 (1 + II f(~)[[2) dr. 

PROOV. Let  t be any point in [0, T,] and take a sequence {eNm} so that 

eNrn "~ t as N---~ ~. Then clearly, uN, ,, --~ u( t )  as N---> ~, so that by L e m m a  3.1 
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~b ( t ; u (t)) _-< liminf ~b (er, m ; uN. m ). 

From this together with (4.9) in Lemma 4.2 we infer the required inequality. 

LEMMA 5.4. 

PROOF. 

fO TI fO TI liNminf ( V NUN, uN ) dt  >= ( u ', u )dt. 

By definition we have 

fo T' ~] (VNUN, uN)d t  = (UN., -- UN, . - , ,  UN..) 
nffi l  

N 

=> 2-'  Z ill u,,.. II 2 - II u,,.._, II =) = 2-'(11 uN. N I1 = -11 uo [l=). 
nffi l  

Since uN(T , )  = U N . N ~  u ( T , )  in H as N ~  by (b) of Lemma 5.2, it follows 

that 

liminf f f ' ( V N U N ,  uN)d t  >-- 2-'(11 u(T,)[I 2 -  II Uo[I 2) 

foT' --- (u ' ,  u ) d t .  

LEMMA 5.5. 

~or, (u) _< liminfN~= qbor~(uN) < ~. 

PROOF. We observe from Lemmas 4.1 and 4.2 that 

N 
M ,  >= ~ro,~(UN) = ~ ,  euck(eNn ; UN..) 

n = I  

N 

>-_ ~ ,  e N + ( e N ( n  -- 1); UN.,- ,)-  eNm2 n~2 

f,[ ' ~ , , , ( t  = - eN ; u ~ ( t  -- e ~ ) ) d t  - e t a M 2  

and f rom Lemma 3.1 that for  each t E (0, T,) 

4 ~ ( t ;  u ( t ) )  <-_ liminf ~ N ( t  - eN ; uN(t  -- eN)). 

Hence by Fatou's  Lemma we have the lemma. 

LEMMA 5.6. U is a s t r o n g  s o l u t i o n  o f  V[t/~,L Uo] on [0, T,]. 

Q.E.D. 

PROOF. In order that u be a strong solution, it remains to show that 
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(5.1) ( u ' -  [,u - w)dt <- ~ r ' ( w ) - ~ r ' ( u )  

for  all w E D(~r') .  For this purpose, first we observe from (4.3) that 

(5.2) / (V,~uN(t)-- [N(t), us( t ) - -  v(t)) 

1 _-_N 4~N(t; v ( t ) ) -  4~s(t; us(t)) for  a.e. t ~ (0 ,  T,) 
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vs ~E D(qbor~), vs-2~ w in L2(0, T,; H)  as N---,oo and limsupN~®~or~(vs) < 

• or'(w). Taking vs for v in (5.2) and integrating the both sides of (5.2) over 

[0, Tl], we get 

fo r'(VNuN fs, uN vs)dt < ~ . ~ v N )  ~r~(uN ). 

Let N ~ oo in this inequality. Then, by noting Lemmas 5.4, 5.5 and the fact that 

[N--~f in Lz(O, T , ;H) ,  we obtain (5.1). 

LEMMA 5.7. u has the [ollowing property : For any s, t ~[0 ,  Tt] with s < t, 

(5.3) 4 ~ ( t ; u ( t ) ) - r b ( s ; u ( s ) ) N K ,  ( i+ll f(r) fr2)d~ ., 

where K, is a positive constant depending only on IlfllL2~o.rm,, II uoll and 4)(0, Uo). 

PROOF. Let  to be any point in (0, Td. Then it is easy to see that the 

restriction of u to [to. T,] is a unique strong solution of V[#),f, u(t0)] on [to, T,]. 

Furthermore,  by Lemma 4.2, 

I d~ (to; u (to)) I < M2(II I IIL2,o. T;,,, [I Uo I1, ,¢'(o; Uo)). 

Therefore ,  taking to as the initial time and U(to) as the initial value and repeating 

the same arguments as in Sections 4 and 5, we obtain from Lemma 5.3 that for 

each t E [to, T,] 

[, 
4)(t;u(t))-4)(to;U(to))<=R, (l +IIf(r)II2)dr, 

o 

where /( ,  = M2(II [ IIL2,o. T~,,,, [I u (to)II, ~,(to, u (to))) is a pos i t ive  constant and,  as 
was noticed in Remark 4.1, M2 can be chosen so as to be a bounded function in 

three variables. Hence,  if we put 

K, = sup M2(I[fllL',o.r:,,,ffu(~')[f,$(,: u(~'))), 
O < ¢ ~ T  I 

for all v ~ D(tl'or~), where / ' s ( t )= [N, ,  for  t EIN. ,  (n = 1 , 2 , . . . , N ) .  Using 

Lemma 3.4, for  each w E D(~o r') we can find a sequence {vN} such that 
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then (5.3) holds for this K~. Q.E.D. 

Thus the proof of Proposition 4.1 has been completed. 

Finally we prove the following lemma by using Lemma 4.3. 

LEMMA 5.8. II ~/ tu '  IIL~'O-r,:H)<= M3 and I t 6 ( t ;  u(t))l  < M3 for any t E [0, T~]. 

PROOF. Consider a step function 0N on [0, Td such that 

ON(t) = eV~Nn if t @ I~., (n = 1 ,2 , . . . ,  N), 

and let u be a positive number. Then (4.13) of Lemma 4.3 implies that 

(5.4) II 0N(VNUN)IlL~to.r,:,)<= M3, 

provided that N is large enough so that eN < u. Since ON(VNU~)---~X/-tu' on 

(0, TO as N ~ ~ in the H-valued distribution sense (this is verfied in a way 

similar to that in the proof of Lemma 5.1), it follows from (5.4) that 

X/tu' ~ L2(0, T, ;H)  and IlV~u'llL2,o,r,:,,- < _ M3. Also, another assertion is ob- 

tained by (4.14) of Lemma 4.3 and Lemma 3.1. 

6. Global existence of strong and weak solutions 

In this section we give proofs of Theorems 2.2 and 2.3. 

PROOF OF THEOREM 2.2. Let f be given in L2(0, T; H) and Uo in Do. Now, let 

"~ be the same number as in Proposition 4.1 and consider a partition {0= To< 

T ~ < . . . < T , ,  = T }  of [0, T] such that m ~ _ - > T > ( m - l ) 4  and Tk=k~ ,  k =  

1 ,2 , . . . ,  m . - 1 .  Then, by virtue of Proposition 4.1, we can find H-valued 

functions u ~ on ITs_,, Tk], k = 1 ,2 , . . . ,  m, such that each u k is a strong solution 

of V[4,,f, Uk-l(Tk-~)] on [Tk ~, TE], where u°(0)= u0. Putting u ( t ) =  uk(t)  for 

tE[TE ~,Tk], k = 1 ,2 , . - . ,m ,  we clearly see that u is a strong solution of 

V[qS,[, Uo] on [0, T] which has the property (2.1). Q.E.D. 

The following theorem was recently proved by Nagai and the author [12]. 

THEOREM 6.1. Suppose that (H) is satisfied. Then we have: 

(a) Let Uo be any element of [)o and f be any function in L2(O, T; H).  Then 

u ~ L2(O, T; H) is a weak solution of V[~b, f, Uo] on [0, T] if and only if there are 

sequences {u0, ~} C Do and {[u, ~]} C LZ(0, T; H) x L ~(O, T; H) such that each u~ 

is a strong solution of V[~,~, uo., ] on [0, T], u, -~ u and [~ -z~ f in L2(0, T; H)  as 
i ----> 00. 

(b) Let u0., E/9o, ~ E L2(O, T; H) and u, be a weak solution of V[~b,~, uo.,] 

on [0, T] (i = 1,2). Then: 
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[I u , ( t )  - u2(t)I! 2 <= II u , ( s )  - u2(s)II 2 + 2 fiT(r) - f2 (r ) ,  u , ( r )  - u 2 ( r ) ) d r  

f o r  a n y  s, t E [0, T] with  s <- t. 

The assertion (b) of Theorem 6.1 ensures the uniqueness of a weak solution of 

V[4~, f, u0] on [0, T]. With the help of (a) of Theorem 6.1 we can prove Theorem 

2.3. 

PROOF OF THEOREM 2.3. Let  f E L Z ( O , T ; H )  and uoE/5o. Choose a se- 

quence {Uo.~} CDo such that u0.~ -A Uo in H. Then by Theorem 2.2 each problem 

V[4,, f, Uo., ] on [0, T] has a strong solution u, and according to Theorem 2.1 we 

see that u ~ ( t ) - ~ u ( t )  in H uniformly on [0, T] as i - - - ~  for some u ~  

C([0, T]; H).  It follows from (a) of Theorem 6.1 that u is a weak solution of 

V[~b,L Uo] on [0, T]. Since u ( t )  E D, for a.e. t ~ [0, T], the restriction of u to 

any interval [v, T] with v > 0  is a strong solution of V[~b,f, u(v)] on Iv, T] 

because of Theorem 2.2. Hence to complete the proof  of Theorem 2.3 we have 

only to show that X/tu' belongs to L2(0, v; H)  and t - -~  @ ( t ;  u ( t ) )  is bounded 

on (0, v] for a small v > 0 .  

Let  "~ be as in Proposition 4.1 and set T, -- min {~, T}. Then, by Lemma 5.8 

we see that IIX/-tu;IIL2,0. T:.,<=M3(IIflIL2,0.~:H. IlUo.,II) and [ t 6 ( t ; u , ( t ) ) [ < =  

M3(llftlL~,o.r;u,,llUo., II) for all t .E[0 ,  T,]. Noting that l i m i n f , _ ® 6 ( t ; u , ( t ) )  > - 

q b ( t ; u ( t ) )  for every t ~ [0, T,] by the lower semicontinuity of ~b(t;-) and that 

X / - t u ] ~ / - t u '  on (0, TO as i ~ o o  in the H-valued distribution sense, we 

conclude that X/tu'  E L2(0, T,; H)  and the function t --~ t O ( t ;  u ( t ) )  is bounded 

in (0, T,]. 

PROOF OF THEOREM 2.4. Since the restriction of u to any interval [v, T] with 

v > 0 is a strong solution of V[4~,/', u(v)] on Iv, T], the following variational 

inequality holds: 

f r ( u ' - f , u  v ) d t  f o r e v e r y v  D(~) .  < = ~ r ~ ( v ) - ~ r ( u )  E i 

v 

Clearly, for each v @ D ( ~ ) ,  d~r~(v)---~C~(v)as v $ 0 and 

fo ( u '  - [, u - v ) d t  ~ ( u '  - f ,  u - v ) d t  as v ~ 0, 
v 

because u '  E L 2(O, T ;  H ) .  Hence  we obtain that 

fo r(U f, u - v ) d t  _- ~ (v )  - ~ (u )  every v D(~) ,  for  E 

so that u is a strong solution. 
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7. Variational inequalities in Banach spaces 

In this section we consider parabolic variational inequalities in the following 

situation: let X be a real reflexive Banach space contained in H and assume 

that X is dense in H and the natural injection from X into H is continuous. Let  

{t0(t;. ); 0_---t _--- T} be a family of proper lower semicontinuous convex func- 

tions on X such that for each v ~ L"(0,  T; X) with 2 - p < oo, the function 

t--~to(t; v(t))  is measurable on [0, T]. We define 

D x = {x @ X; to( t ;x)  < ~} for each t E [0, T] 

and a function • on LP(0, T ; X )  by 

Sorto(t;v(t))dt if v E D (~ ) ,  

• (v ) = ~ otherwise, 

where D ( ~ )  = {v E LP(0, T; X); to( .; v( .  )) E L '(0, T)}. 

For  given u o E D  x (the closure of Do x in H )  and [ E L P ' ( O , T ; X  *) 

(1/p + 1/p'= 1) we formulate a problem Vx[to,[,Uo] by the following: find a 

function u E Lo(0,  T; X) N C([0, T]; H)  such that 

(1) u(0)=Uo;  
(2) u ED(XIt); 

(3) u ' E  LP'(0, T ; X * ) ;  

(4) f ~ ( u ' - [ , u -  v)xdt < - ~ ( v ) - ~ ( u )  for every  v ~ D ( ~ ) .  

This is a strong formulation for V×[to,[, uo] and such a function u is called a 

strong solution of V×[to,[, u0]. 

As for problem Vx[to,[, uo] we have 

THEOREM 7.1. Let u~ be a strong solution of Vx[to,~,uo.~] (i = 1,2). Then: 

for any s , t  E [0, T] with s <- t, 

[[ u,(t) - u2(t)[l~- -< [I u , ( s ) -  uz(s)[[2+ 2 (f,(l") - I2(z) ,  u ,(~ ' )-  u2(~'))xdz. 

This theorem is proved by a method similar to that in the proof of Theorem 

2.1. 

THEOREM 7.2. Assume that the following two hypotheses are fulfilled: 

(HO There is a positive constant C with the property: for each t E [0, T], 

z ~ D x and s E [t, T], there is ~ ~ D x such that 
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Ilg-Zllx~=Clt-s[, 

¢h(s; 2) ~ @(t; z )  + C I t  - s I(1 + It z I1~" + I @(t ; z) I). 

( H2) There are posi t ive  cons tan t s  bo, b, and  b2 such that  O(t; z) + boil z IIx + 

b, >~ b d z ] ~  for  any t E [0, T] and any z E X,  where [. Ix is a semi -norm on X so 

that  [. ]x + I1" II, gives a norm on X which is equivalent  to I1" I1×. 

Then for  any given u o E D  x and f E L 2 ( O , T ; H )  or  f E L P ' ( O , T ; X  *) with 

f ' E  LP'(O, T ; X * ) ,  there is a s trong solution u o f  Vx[O,f ,  uo] such that  u E 

L=(0, T ; X ) ,  u'  ~ L 2(O, T; H )  and t--~ 0 ( t ;  u( t ) )  is bounded  on [0, T]. 

This theorem is able to be proved along arguments similar to those in 

Sections 3, 4 and 5. In this case we can consider the difference approximation 

for Vx[O,f ,  Uo] on the whole interval [0, T], because we can take T as the 

number corresponding to ~ in Proposition 4.1; in fact, there is an X-valued 

Lipschitz continuous function h on [0, T] such that t ~ g~(t; h( t ) )  is bounded 

on [0, T]. 

REMARK 7.1. An existence theorem for the above type of variational 

inequalities was given in [10] under three conditions in addition to (H 3  and 

(/-/2). Subsequently Br6zis pointed out that as to the existence of a strong 

solution the additional three conditions are irrelevant. Also, recently,  a few 

results concerning weak solutions were proved by Nagai and the author in [12], 

Appendix 

PROOF OF PROPOSITION 1.1. The " i f"  part is easily proved, so we give a 

proof of the "only if" part. 

Assume that f @ ~J(u), or equivalently, 

if' (a.1) (f, u - v ) v d r  ~ J ( u )  - J ( v )  
o 

for every v ~ LP(to, t,; V).  Then, first we see that for each v E LP(to, t,; V)  

with J ( v ) < ~ ,  there is a null set Ev C[to, t,] such that 

(a.2) {(f(r) ,  u ( r )  - v ( r ) ) v  >= j ( r ;  u ( r ) )  - ] (r;  v ( r ) )  
for all r @ [to, t,] - E,. 

In fact, for such a function v and for each measurable set G C[to, t,], put 

w(r )  = v(r )  if z E G and = u ( r )  otherwise. Then we have by (a.l) 
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f { ( / (z ) ,u (z)  v ( r ) ) v  / ( r ; u ( z ) )  ] ( r ; v ( r ) ) } d ,  > + O. I 

This shows that (a.2) is valid for  some null set Ev. 

Next,  let e be any positive number and fix it. Choose a closed subset F, of 

(to, t,) so that the measure of [to, t,] - F, is not larger than e, .fir. and uIF. are 

continuous on F, and j ( .  ; u ( .  ))IF. is finite and continuous on F,. Let  t E F, be 

any point of density for F, and z be any element of V such that j ( t ; z ) <  ~. 

T h e n ,  by assumption, there exists a V-valued function v E L~(to,  tl; V)  such 

that v ( t )  -- z and j( .; v( .  )) E L '(to, t,) and such that v is right-continuous at t 

and 

limsup ](s ; v (s))  <-_ j ( t  ; z) .  
s ~  

Applying the above fact for this v, we observe that there is a null set Eo C[to, td 

for which (a.2) holds. Here,  take a sequence {t,} CF~ - E~ which converges to t 

from the right as n -->oo (in fact, such a sequence {t,} exists, since t is a point of 

density for  F,),  and substitute t, for  ~- in (a.2). Then, letting n --> o~, we obtain 

(f( t) ,  u( t )  - Z)v >= j ( t ;  u ( t ) )  - j ( t ;  z) .  

Noting that almost every point in F, is a point of density for F,, we see for a.e. 

t E F. that 

(a.3) ~(f(t) ,  u( t )  - Z)v >= j ( t ;  u ( t ) ) -  j ( t ;  z )  

1 
[ f o r  all z ~ V at which j ( t ; z ) < o o .  

Moreover ,  the arbitrariness of e > 0  implies that (a.3) holds 

t E [to, t~]. Hence 

for a.e. 

f ( t ) E  O j ( t ; u ( t ) )  for a.e. t ~ [to, t,]. 
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