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SOME NONLINEAR PARABOLIC VARIATIONAL
INEQUALITIES
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ABSTRACT

In this paper we study initial value problems for nonlinear parabolic varia-
tional inequalities involving time-dependent subdifferentials of convex func-
tions on a Hilbert space. We shall show the existence of a solution by a
semi-discretisation method with respect to the time.

Introduction

In this paper we study initial value problems for nonlinear parabolic
variational inequalities. Let H be a real Hilbert space, 0< T =» and ¢ be a
function on [0, T]1 X H such that for each t €[0, T1], ¢(t;-) is a proper lower
semicontinuous convex function on H. Then, for uo € H and f € L*0, T; H),
by V[, f, uo] on [0, T] we mean the following: find a function u € C([0, T]; H)
such that

(i) u0)=uo;

(i) o(;u(-)EL'O,T);

(iii) u' =(d/dt)u € L*0,T; H);

(iv) Jo(u'(t)—f(2), u(t)— v(t))dt = [T{P(t; v(t)) — & (t; u(t))}dt

for all v € L*0, T; H) such that ¢(-;v(-)) € L0, T); where (-, ) stands for
the inner product in H.

Among many results (e.g., [1-5, 7, 8, 10, 11, 13-17, 21-23]) on the existence,
uniqueness and regularity of solutions of this kind of problems, the following
ones are closely related to main results of the present paper.

(1) In case ¢(t;-) is the indicator function Ix.)(:) of a closed convex
subset K(t) of H with parameter ¢, Moreau [16] showed the existence of a
solution.
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(2) In case ¢(t;-) is of the form Ix(-)+ B(-) with a time-independent
convex function 8 on H, Brézis [5] gave results on the existence and regularity
of a solution.

(3) Watanabe (23] treated the existence problem in case the closure of the
set D, ={z € H; $(t;z) <=} is independent of ¢t (but the domain D(3¢(t;-))
of ¢4 (t;-) may depend on t). Also, Péralba {17] dealt with the case where the
conjugate convex function ¢ (¢; - ) is in a situation nearly similar to Watanabe’s.
Moreover, recently these results were extended in various directions by
Attouch-Damlamian [2] and Attouch-Bénian-Damlamian-Picard [1].

We shall discuss the existence, uniqueness and regularity of a solution of
Vi@, f, uo]. Our results complete what were announced in [10]. By employing
the semi-discretisation method (cf. Raviart [18,19]) we shall prove the exis-
tence of a local solution u of V[¢,f,uo] and simultaneously give some
estimates for u, u’ and ¢(-; u(-)) in terms of f, u, and ¢ (0; u,). In fact, we shall
consider the following type of sequence of approximate solutions {ux}%-; C
L0, To; H): un(t)=un.» if t E(en(n —1), exn), n =1,2,---, N (N is a posi-
tive integer and ex = To/N) and uy, . is a solution of the equation

lel (uN,n - uN.n—l) + a¢(€Nn; u}*l, n) BfN ns

where un o = uo and

i
fN,,,=s;,'f f(t)dt, n=12,--- N.

N(n-1

Under a certain smoothness assumption on the mapping t — ¢(¢;-) we shall
show that a suitable subsequence of {un} converges to a local solution of
Vig, f, uo] in the weak-star topology of L~(0, T,; H).
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1. Preliminaries

Let V be a real reflexive Banach space and V* be its dual space. We denote
the natural pairing between V* and V by (-,-)v and norms in V and V* by
|- lv and || - |lv+, respectively. We use symbols -5, “ % and * 3" to denote
the convergence in the strong, weak and weak-star topology, respectively.
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In this paper, lim, liminf and limsup are taken in [ — «, »] and by a function on
a subset S of V we mean that it is a mapping from S into [ —«,x]. Let j be a
function on § C V. Then j is called proper on S, if j(x) E(—x,o] forallx €S
and j#® on S.

For a proper convex function j on V, the subdifferential 3j: V— V* is a
multivalued operator defined by dj(v) = ¢ for v € V with j(v) == and

w)={v*E V*(v*,w—-v)y =j(w)—j(v)forallw € V}
for v € V. with j(v) <. It is easy to see that dj is monotone, i.e.,
(w*—w* v—w)y =0 for any [v, v*], [w, w*] € G(3)),

where G(3j) denotes the graph of 9j which is the set of all [v,v*}]€E V X V*
such that v* € 3j(v).

Let t, and ¢, be numbers such that ¢, < ¢,. Then, by C([to,t.]; V) we denote
the space of all V-valued continuous functions on [t,,t,] provided with the
usual sup-norm, and by L?(te,t,; V), 1 =p =, the space of all V-valued
(strongly) measurable functions v on (fo, ¢,) such that the function t — | v(t)]lv
belongs to L”(¢,,¢t;). The norm of v in L?(t,¢t,; V) is given by

{ﬁ:llv(t)ll‘{zdt}l/p it 1=p<w,

[0 oo v =

ess.sup{v(t)|;t E(to, )} if p=co

Now, assume that 1 <p <o and —w<t,<t; <o, and j is a function on
[to, ti] X V such that for two constants a and 8,

jit;2)+alz|v+B=0forallz € Vandallt €[t,,¢]

and such that j(t;-) is a proper lower semicontinuous convex function on V
for each t €{f, 1] and the function t— j(t;v(t)) is measurable for each
v € L?(to, t1; V). Then the function J on L?(t,,t;; V) given by

ftif(t;v(t))dt if j(;0(+))EL'(t,1),

J(v)=
00 otherwise

is convex and lower semicontinuous, and J > — o on L?(t, t;; V). Besides this,
we have
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ProrosiTION 1.1. Assume that for each t € (t,,t;) and each z € V with
j(t;z)<oo, there is a function v &€ LP(t,t;;V) such that v(t)=z,
J(;v(-)E L'(to, t,), v is right-continuous at t and

limsup j(s; v(s)) = j(t; 2).

Let u be a function in L?(t,,t,; V) such that j(-;u(-))E L'(to,t,) and f be a
function in L? (t,,t,; V*), where (1/p)+(1/p')=1. Then f € 3J(u) if and only
if f(t)E 3j(t; u(t)) for ae. t €E(t,,1).

For a proof of this proposition, see the appendix. Also, recall a result of
Rockafellar {20]; in fact he showed that the conclusion of the proposition is
valid under a certain condition on the measurability of the mapping t — j(¢; ).

In the rest of this paper, let H be a real Hilbert space and denote by (-, )xu
and || - ||« (or simply, (-, -) and | - || if there is no confusion of notations) the inner
product and norm in H, respectively. By B, for a non-negative number r we
mean the set {x € H; | x [« = r}.

2. Existence and uniqueness theorems

Let T be a fixed positive number and {¢(¢;-);0=t =T} be a family of
proper lower semicontinuous convex functions on H. Then we define

D ={x € H;¢(t;x) <} for each t€[0,T)

and for each interval { Ty, T:]1 C[0, T'], define a function @7 on L*(T,, T,; H) by

J"dJ(t;v(t))dt if » € D(®R),

()=

® otherwise,
where

D@1 ={v € LXT,, T\; H); $(-; v(-)) € L'(To, Th)}.

In particular, we write ® for ®7: as well as D(®) for D(PL), if T,=0 and
T,=T.

Now, for any given uo€ H and f &€ L'(T,, T:; H), we pose the following
problem V([@,f, uo] on [To, T1]: find a function u in C([T,, T1]; H) such that

()  u(To) = uo;

(i) u € D(PRY;

(i) u' € LTy, T:; H);

(v) R’ —fu—v)dt =®(v)— ®R(u) for all v € D(OD).



308 N. KENMOCHI Israel J. Math.,

Such a function u is often called a strong solution of V[¢,f, us] on [T, T1l,
while a function u € C([T,, T1]; H) is called a weak solution of V[, f, us] on
[To, T1] if conditions (i), (ii) and the following (v) are satisfied:

JR' = f, u—v)dt =3 uo— v(To) | = O (v) — DT (u)
v)
whenever v € D(®T) and v' € LY T,, T\; H).

For the problem V([4,f, uo] on [T, T;] we have

THEOREM 2.1. Let w, be a strong solution of V[, f uos,.] on [T, Ti]
(i =1,2). Then:

s (8) = ux) I = [ us(s) = uatis) P

+2 f (i) = 7, ui(7) - un(#))dr

for any s, t €[T,, T\] with s =t.
Proor. For any s, t €[0,T)], s =t, we put

u,(7)(resp. u(r)) if 7€][s,t].
vi(7)(resp. vo(7)) = [

u,(r)(resp. uA1)) otherwise.

Since v, € D(®TY (i =1,2), we have by (iv)
[[wi-fow—wdr = [ (o000 - drs utar
Hence, adding these two inequalities and using integration by parts, we obtain
ZL'(]'. — U —u)dr = ZL'(u’. — U u,— u)dr

= [luy(t) — ut) | = | ui(s) = us(s) P
Q.E.D.

This theorem guarantees the uniqueness of a strong solution of V[, f, u,)
formulated on each closed subinterval of [0, T].
Next we state main results in this paper.

THEOREM 2.2. Suppose that

(H) there is a non-decreasing function r — C, from [0, %) into itself with the
following property: for each r =0, t €[0,T], z € D. N\ B, and s €[t, T] there
exists Z € D, such that
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[Z2-z|=C|s—t]|,
and

O(s;2)—d(t;2)=Cls—t|(1+|d(t;2))).

Then for any given us € D, and f € L*(0, T; H) the problem V¢, f, uo] on [0, T]
admits a strong solution u such that

@D St 1) — b(s: u(s) = Kj A+ fr)Pdr

for any s, t €[0, T] with s =t, where K is a positive constant.

THEOREM 2.3. Assume that (H) is satisfied. Then, for any given u, € D, and
fE€ L¥0,T; H) the problem V{4, f, us] on [0, T] has a unique weak solution u
such that Vtu' € L*0, T; H) and t — té(t; u(t)) is bounded on (0, T].

THEOREM 2.4. Assume that (H) is satisfied, and let u be a weak solution of
V{d, f, uo) on [0, T) with u, € D, and f € L¥0, T; H). If u’ € L0, T; H), then
u is a strong solution.

ReMARK 2.1. Under hypothesis (H) the variational inequality (iv) is equiva-
lent to the evolution equation

u'(t)y+ad(t;ult)) 2f(1) for a.e. t€(0,T).
This follows immediately from the fact that
daP()={g €L, T;H),g(t)E dp(t;v(t)) for ae. t€(0,T)}

for each v € L¥0, T; H), which is a consequence of Proposition 1.1 and
Lemma 3.3 in the next section.

Remark 2.2. In [23] Watanabe showed existence and regularity results of a
solution of the Cauchy problem

w(t)+ad (t;u (@)D f(t) on [0,T]
(CP) {

u(0)= uo

under the following hypotheses:
(D) D. = D, for every t €0, T],
(II) for every r = 0, there exist two positive constants C, and C such that

ld(s;2)—-d(t;2)[=|t—s|[(Co(t;2)+CY)
holds, if s,t €(0,T] and z € D,N B..
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Also, recently, Attouch and Damlamian [2] established an existence theorem
for (CP) with some interesting regularity results under (I) and a weaker
hypothesis (II)* than (II):

(ID* for every r = 0, there are a constant C, = 0 and a real-valued absolutely
continuous function a, on [0, T] such that

[o(t;2)— d(s;2)[=]a.(t)-a(s)|(dp(t;2)+ C,)

for every 5,t €[0,T] and z € D,N B,;
and subsequently Attouch, Bénilan, Damlamian and Picard [1] gave an exis-
tence theorem for (CP) with almost the same regularity results as in the above
papers under more general hypotheses of the following form:

(IT1.1) there are constants @ and B such that ¢(¢;x)+ | x ||+ 8 =0 for any
t€[0,T] and any x € H;

(111.2) for each x € H and each B =0, the function t— ¢.(¢;x) is of
absolutely continuous positive variation on [0, T}, where

Ot x)=inf{d(t;y)+ 2AY [x -y |,y € H};

(I11.3) there are positive functions b, ¢ € L*(0, T) and a positive number k
such that

L (0= b O x 1A Ox I+ JA x|+ x|+ e ()

a.e. on [0, T] for each A >0 and x € H, where
A®)=A"{I-I+Ad¢ (t;-)7'}.

Professor Brézis kindly pointed out in his letter to the autor that hypothesis (H)
in this paper is a sufficient condition for (III.1), (II1.2) and (I11.3). But their
verification is not trivial.

3. Lemmas

Let {¢(t;-);0=¢ = T} be as in Section 2 and assume that condition (H) is
satisfied. In this section we show some lemmas that condition (H) yields.

Lemma 3.1. Ifx, €D, t. =t x,3xin Hand t,—t as n >, then

3.1 o(t; x) =liminf ¢ (t.; x,).

n-—»mo

Proor. Take a positive number r so that x, € B, for all n. Then, using (H),
we can find %, € D, for each n such that | %, — x,||= C/|t, —¢t| and
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;X)) =S x)+ Gl —t (1 +]| Pt x) ).
Hence we get

(A=-Clta—tD(tu;x)+ Clta—t| if S(ta;x.)Z0,

¢>(t;f..)§{
A+ Clta—tDe(ta;x) + Gt —t]| if P(ta;x) =0,

from which we see

liminf ¢ (¢; £.) < liminf ¢ (t.; x,.).

n—w n—oo

Since %, 3 x in H and ¢(¢; ) is lower semicontinuous in H, the inequality (3.1)
follows. Q.E.D.

LemMA 3.2. There are positive numbers b, and b, such that
(3.2) d(t;2)+ bo| 2|+ b0
for all t €10, T) and all z € H.

Proor. Using (H), we can easily find a set {z, EH;0=t=T} and r,>0
such that z, € B, and | ¢(¢; z.)| = r,forevery t €[0, T). Now, set r = r,+ 1 and
choose a partition {0 = s,<s,<:--<s, =T} of [0,T] so that C,|si — 8| =
1/2 for i = 1,2, -+, n. Moreover, since ¢(t;-) is proper lower semicontinuous
convex on H for each t € [0, T], there are positive constants ¢, and ¢, having
the property:

o(sisz2)zZ —cf|z||—-c.forallzEHandi =1,2,--+,n.

By (H) we see that for each ¢t € [si_,, 5;] and each z € B,, there is Z € D,, such
that | —z||=1/2 and

d(t;2)Z d(sis2)—(1+]|d(t;2))/2.
Hence, for all z € B,,
dt;2)+|d(t;2)]/22 —cllz||— c2—(ci + /2.
From this it follows that for some positive constants ¢, and ¢,
(33)  d@t;z)+csllz]|+ca=0 for all t €[0,T] and for all z € B,.

Next, let z be any element of H such that|[z| > r and put §, = 1/|| z — z || and
x, =60z+(1—-46,)z for t €[0, T]. Then,

Ixl=lx—zl+lzl=6lz-z[+lz]=1+]z[=r.
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Therefore, by (3.3),

0 (t;2)+(1—8)d(t;z)+ ¢l x ||+ s

Z@(t;x)+ el x ||+ c.z0,
so that

d(t;2)+ 07" (col| x: ||+ cat r0) =0,
from which we infer that (3.2) holds for some b, and b,, because
0 =llz-zl=lz]+r
and
xcll/6 =llx |- 6:(z = z) /6 = x Ml z [+ )z D= rll 2 || + 7.
Q.E.D.

LemMma 3.3. Let x, be an element of D,, with t, € [0, T1, r be any number that
is not less than || xo| + 1 and n be the largest number such that t,+n =T and
Cm =1. Then there is an H-valued Lipschitz continuous function h on
[to, to+ m] with C. as a Lipschitz constant such that h(t)) = xo and ¢(t; h(t)) =
& (Lo; x0) + Mot — to) for every t € [to, to+ ], where Mo = Mo(r, ¢(to; x0)) is a
positive constant.

Proor. For the sake of simplicity, assume that t, =0 and n = T. We set for
each positive integer n

ty = Tk/2", k=0,1,--:,2",
and
A, ={ti;k=0,1,---,2"}.

Now, we are going to build a sequence {x%;k =0,1,---,2"} C B, as follows: Let
x5 = xo. When x} € D,; N B, is given, we choose xi., € D,;,, by using (H) so
that

G4 Ixt—x2|=Cltia—t1|=CT/2",
(3.5) Ui xi) =@ xD)+ M+ (35 x0) ) CT/2".

Then we have

k
Ixti=xoll= X lxt—xt|=CT =1,
i=0
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sO xr+ € B,. Thus {x;k =0,1,---,2"} is defined by induction. Next, setting
£7 =@ (tr; xt)and (¢7)" = max {£%,0} for each n and k we see from (3.5) that
(3.6) EraZEL+|E|CT/2" + CT/?,
and hence

L) =EN A+ CT/2Y+ CT/2°, k=0,1,---,2",

provided that n is large enough so that 1 — C,T/2" = 0. This implies that for all
large n,

ED=EN A+ CT/2D) +(CT/2){1+ (1 + CT/2") +- -+ (1 + CT/2") ™}
(3.7 =)+ 27 4+ (14277 -1
=) ete—1=M, k=0,1,--:,2"

Define a sequence {v,} of functions on [0, T] such that v.(t) is equal to x§ if
t =t and is linear between points ¢} and t%., in A,. Then it follows from (3.4),
(3.7) and Lemma 3.2 that for all large n,

lva()) = va(H=C [t —s| foranys t€[0,T]
and for some positive constant M
|d(t;v.(1))|=M foranyt €A,
Therefore, by (3.6),
(3.8) &(t;0,(1) = ¢(0,x) + C,(1+ M)t foranyt €A,

Since the sequence {v.} and the sequence {v,} of their derivatives relative to ¢
are bounded in L*(0, T; H), we can build a new sequence {w,, } such that each w,,
is of the form

Im
2, @om,

j=1

withaT =0,Z", a7 =1, m; = m, and m,— © as m —  and such that w,, - h,
wh->h'in L%0,T; H) as m = for some h € C([0, T]; H). Then it is easy to
see that h(0) = x, and

fht)-h(s)|=C

t—s| foranys,t€[0,TI.
From (3.8) we infer that for each m

d(t; wa(t) = (0;x0)+ C,(1+ M)t foranyt €A,
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Now, for each t €[0, T)], take a sequence {s,}C[0,¢] so that s, €EA,, and
s, —t as m —»> o, Then w.(s.)->h(t) in H as m —> =, so by Lemma 3.1

& (t; h(t)) =liminf ¢ (Sm i Wm(Sm))

m—>x

= $(0;x0) + C.(1+ M)t. Q.E.D.

REMARK 3.1. The constant M, = M(r, ¢ (to; X)) in the above lemma is able
to be chosen so as to have the property that it varies in a bounded set in [0, »),
when r and ¢ (t,, x,) vary in a bounded set in R'.

ReMARK 3.2. The author is indebted to Professor Brézis for the proofs of
Lemmas 3.1, 3.2 and 3.3, and the proof of Lemma 3.2 is a slight modification of
that of Lemma 1 in Attouch-Damiamian {2].

COROLLARY TO LEMMA 3.3. There are positive numbers 7 and M, which
have the following property: for each s € [0, T] there is an H-valued Lipschitz
continuous function h, on I, =[s,min{s + 7, T}] with M, as a Lipschitz
constant such that ¢(s: h,(s))= M, and

Gt h (D))= d(s;h(s)+ Mot —s| foranyt €.

Proor. Let {zz € H;0=t =T}, r, and r be as in the proof of Lemma 3.2,
and let 7 be a positive number such that C,i = 1. Then we see from Lemma 3.3
that for each s € [0, T] there is an H-valued Lipschitz continuous function A,
on I, with C, as a Lipschitz constant such that h,(s) = z, and forany t € I,

S h ()= P(s:2.)+ Mo(r,d(s;z)|t —s|.

If we take such a number M, that is not less than r,, C, and
sup {M(r, $(s; 2,));0 = s < T}, then we see that M, and 4 fulfill the required
properties. Q.E.D.
For a closed subinterval [T,, T;:]1C[0, T] and each positive integer N, put
en =(Ti— To)/N,In = [To, To+ ex] and Iy, =(To+ en(n —1), To+ enn] for
n=2,3,--,N. Next, define a function ¢x on [To, T\] X H by én(t;z)=
&(To+ enn;z)if t € Iy, and z € H, and a function ®7: yon L*(T,, Ty; H) by

fr' dn(t;v(t))dt if v € D(®F W)

0 otherwise,

<I>¥A,~(v)={

where D(®%n) ={v € LXT,, T\; H); ¢n(-; v(+)) € L'(To, T1)}. Then we have
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LemMa 3.4. For each v € D(®T) there exists a sequence {vn}C
LXT,, T:; H) such that vy € D(®T3 n), on > vin LX(T,, Ty; H) as N > = and

limsup &7 (on) S DT 0 (v).

N—so0

Proor. For simplicity we assume that {T,, T,] = [0, T] and hence write ®
for ®7: v as well as @ for O

Let v be any function in D(®). Given v >0, choose a closed subset E* of
[0, T] such that the measure of [0, T]— E"” is not larger than v, v g is
continuous and ¢(-;v(-)) | is finite and continuous on E* and such that

f | d(t;0)|dt = v,
[0.T)-E"
(3.9
f o Pdt < v
0. TI-E"
Set EX.=E*NIy. (n=1,2,---,N) and take a positive number r, so that

o) |[=r. and [$(t;v(t)){=r, forany t € E*. If E},.# O, then we pick up a
point ty . € EX . and an element vy, , € D,,. such that

” UNn — U(tN,n)” =C.en

and
dlenn; vn ) — dna; 0(In )= Coen(1+71,)

(such a vy, . exists by condition (H)). According to the Corollary to Lemma 3.3,
there is a bounded H-valued function h, defined everywhere on [0, T] which is
continuous on {0, T] except a finite number of points in [0, T] and has the
property that the function t — ¢(t; ho(t)) is bounded on [0, T]. Now, let us
define

VN, n if tEEXN.,, n=1,2,--- N,
wn(t) =

ho(enn) if tely,—E%4m n=1,2,--- N.

Clearly, for every n with EX.# O,

sup{lwn (1) — v(1)ll; t € EX.} = Cren +sup{lv(tn.) — v ()]s t € EX.}
and

sup{én(t; wa(t)) = ¢(t;0(2)); t € EX 0}

§ CPNEN(I + rv)+ Sup{d)(tN.n;v(tN,n))_d)(t; U(t)); t E E:l,n}.
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Hence

wn(t)-> v(t) in H uniformly on E* as N —

and

limsup ¢n(t; wa(t)) = o(t;v(t)) foreacht € E®,

N

so that there is a positive integer N, such that for all N = N,

J‘y On(t; wy)dt §J’£v (t;v)dt + v

and

f | wn — v Pdt = 7.
£
From these inequalities together with (3.9) it follows that for all N = N,,

Du(w,) =P(v)+2v +f . | §n(t; ho,n) |dt

0. T1-

=®(v)+2v + v sup{| dn(t; hon(t)]; 0=t = T},

where ho n(t) = ho(enn) for t € Iy ,, n =1,2,---, N. Similarly we obtain
T
fu wn — v [Pdt =202+ vsup {[lhe(t) [;0=t = T}.
0

We have seen above the following: for each £ > 0, there exists a sequence
{wk} and a positive integer N, such that wi € D(®y) for all N,
lwa—v{lorm=cand ®n(w i) = DP(v) + £ for all N = N,. Making use of such
a sequence {wi}, we can easily construct a sequence {vn~} which fulfills the
required properties in the lemma. Q.E.D.

4. Approximation of V{4, f, u,)

We assume that condition (H) is satisfied.

The purpose of this section and the next section is to show the following
local existence result with some regularity properties for a strong solution by
such a difference method as mentioned in the introduction.

ProposITION 4.1. Let f be any function in L*(0, T; H). Then there exists a
positive number 7 with the following property: for each T, €[0, T] and each
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Uo € Dr,, the problem V[¢,f,uo] on Iy, =[T,,min{To+ 7, T}] has a strong
solution u such that

“.1) d(t;u(t)— d(s;u(s) = K.J‘(l +]|f(r) Pdr

for any s, t € I, with s =t, where K, is a positive constant which depends only
on || fllcze.r:m. || toll and ¢ (To; uo).

By a sequence of lemmas we shall prove the above proposition.

First, let 77 be the same number as in the Corollary to Lemma 3.3. Then, by
Lemma 3.2 and the Corollary to Lemma 3.3 there are a positive constant L and
a family {h,;0=t =T} of H-valued Lipschitz continuous functions h, on
I, =[t,min{t + 7, T}] such that

lh(s)]|=L and| ¢(s; h(s))|=L foreveryt €[0,Tland s € I,
and L is a Lipschitz constant of every h, on I.

We use the same notation as mentioned just before Lemma 3.4. Let f be any
function in L*O0, T; H) and u, be any element of Dy, with T,€ [0, T]. For
simplicity, we assume that T, = 0 and Ir, = [0, T,], and denote by h the function
ho.

By virtue of a result of Browder [6;theor. 2] (or [9; theor. 4.1]), for each
n=1,2,---,N and given z € H the equation

(4.2) 8;11(W0_2)+ 3¢(£~n; Wo)afN‘n

has a solution w, € D,,., where

on
fN_n=e;'f f(tydt, n=1,2,---,N.

N(n—1)

Now, we define a sequence {un .}2-; as follows: Let un o= uoand un ., be a
solution of (4.2) with z = uy,.-, for n =1,2,---, N. Then

(4-3) { e;ll(uN,n - uN.n~I, uN.n - x) - (fN,m uN,n - x)
= d(enn;x)— d(enn; unn) for all x€H
forn=1,2,---, N, and we have

LemMma 4.1. There is a positive constant M, = M,(| f |lL20.7.1, || 4o) such
that

4.4 lx;\’gsx]v” un =M
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N

(4.5) en D, | denn; unn)| = M,.
n=1

Proor. Substituting h(exn) for x in (4.3), we see that
en(Un.n = Un, -1, Un,n — R(EnR)) = (fu n Un.n — h(EnN))
= ¢(enn; h(enn)) — d(enn; un.n)

for n =1,2, .-, N. Now, we observe that

en(Un n = Un.n-1, Un n = h(Enn))

= (2en) (im0 — h(ent) [P = lttn.nos = K (exn) P)

= (2en) (| tr.n = h(ent) [ = . n-1 = h(en(n = D))
— Q2en) | h(enn) = h(en(n = )|l un.n-1 — h(enn) |
+) ttnr~ h(en(n = 1))

= (2en)"(lun. = h(enn) [P = tnin-i = h(en(n = D))
~L(lunnsf+ L)

= 2en)"(fun.n — h(enn) IF =l unn-s = h(en(n = D) |P)
= 8l un. [ - (1 + (48) )L,

(frmotin,n = h(enn)) = fun Il un |+ 1 R(enn)l)
= 8)una [P+ 1 frn IF/(28) + BL*

and by Lemma 3.2,

Gentt;tn )= —bolun | — b1 Z — 8l un. . [P — b5/(48) — by,

where § is an arbitrary positive number. Therefore, putting
R(8)=(2+28 +(28) )L*+ b3/(28) +2by + 4b,,

we have

|t o — R(enn) | = i, nms — h(en(n — D)+ 2en]l d(enn; un.n) |
= 46£~” UN, n ”2 + 25€N” UN, -1 ”2 + ”fN.n "2/5 + enR\(8)

for n=1,2,--+, N, so that
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!
” Un.1 — h(£~’)||2+ 2en 2 l ¢(enn; uN‘n)I
n=1
! end
(4.6) <65en S Jlunn P+ 57 f If(0)|Pdt + enlRA(5)
n=1 0

+28en [ uolf + || uo — H(O)|P
for I =1,2,---, N. This implies that for any v > 0 there is a positive number
R, = R,(W,|| f ||l.20.7:1, || o) such that
{ i
.  IP+en, | d(enn; un.n) | S ven, [ un.n [P+ R:
n=1 n=1

for I =1,2,---, N. From this fact it follows that (4.4) and (4.5) hold for some
positive constant M(|| f |l 2.7 i || U ])-

Lemma 4.2.  For a positive constant M, = My(||f||L20.r:m, || 4oll, #(0; uo)) we
have:

N

4.7 en D lunn = Unnr|F = Mo,
n=1

(4.8) max | ¢(entt; Un, o) | = M,;
1snsSN

(4.9) d(enn; un .) = 6(0; uo) + MzJ"N"(l +f)|PHdt  for n=1,2,--- N.

Proor. Since un, € D.,. N B, with r = VM, +| uo| for n =0,1,---,N, by
(H) there exists iin, € D.,. for each un, .., n =1,2,--+ N, such that

(4.10) { e nn-1 = ling || = Coen,
d(enn;iing) = d(en(n = D unn-1) S Cen(1+| (en(n = 1) unn-0)).
Taking i, . as x in (4.3), we have
€7 (Un, n = Un,nt, Un.n — lin,n) + D Un, ) — G(enn; lin, n)
= (fam Unn ~ lns) for n=1,2,---,N.
From this and (4.10) it follows that
(2en) N tncn = ttnnes [P+ blentts ) = (o = 1); b nea)

= (2£N)_l” UN, n—1— Un. n ”2+ dlenn; iin,) — @(en(n — 1); tn n-1)

+ (fumttnn = Unnt) + (. m Un no1 — . n)
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=(C¥2)en + Cien(1+| d(en(n — 1); tunn-r) ) + en || fum |

+ (4€N)—I“ uN.n - uN,n—l ”2 + CrgN” fN.n ",

SO
(4€N)_|" Unn — uN.n—lll2+ d(enn;unn) — d(en(n — 1); unn-1)

4.11)
{ = Cr£~|¢(6'~(" = 1) uN,n—l)l + ENHme "2+ CrEN”fN,n" + (Ci/z +C.)en

for n =1,2,-+-, N. Adding these inequalities from n =1 up to n = [, we get

(4€N)_' Zl ” UN,n — UN. n—1 ”2 + ¢(en, i Un1)

! en
(4.12) = $(0; uo) + Cren Zl | d(en(n —1); u~_.._1)l+L I f(£)Pdt

end
+G f [f(t)||dt +(C32+ C.)enl

forl/=1,2,---, N. Hence, on account of Lemmas 3.2 and 4.1, there is a positive
constant M, depending only on | f ||.zo.7: m, || #o]| and ¢(0; uo) for which

N
en' D lunn —tUn.ai [P =M, and max |d(enn;un.)|=M,
n=1 1SnsN

hold. Again returning to (4.12), we obtain
G (enl; un. ) = $(0; uo) + C.(Mz+| (0, uo) | + C/2+ Dend
end ‘N‘
+ f “ I fC) Pt + c,fo 1£() |dt

forl =1,2,---, N. Therefore we have the required inequalities with a suitable
M: = M| f |e20.7: 100, | o], (0 uo)).

LeEmMMA 4.3. There is a positive constant My = Ms(||f |lL3o. 7.1, || #oll) such
that

(4.13) 2, (enn) e x| unn — Unna [ = M
4.14) max (entt) | d(enn; tn )| = Ms.

Proor. We can prove this lemma by a calculation similar to that in the proof
of the previous lemma. In fact, we observe that (4.11) is valid for n =
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2,3, -+, N. Multiplying (4.11) by exn and adding them from n =2 up to /, we
obtain by Lemma 4.1

4~IZ (enn)e ;ll” UN.n — UN n—1 ||2 + enlp(enl; un.1)
= end(en; Un) + D, end(en(n —1); Un )
+C3 (en)en | (entn = D tinn) [+ 3 (en)enll frn

‘ '
+ c,Zz(an)sNHfN. N+ (CY2+ C)Y (enn)en
n= n=2
=2M,+CT/M, + Tl”f“i’(o.‘r;m'f' CrTl”f“L'(O,T:H)
+(C3/2+C,)T% for [:2’3’...’N'

From these inequalities we immediately see that (4.13) and (4.14) are satisfied
for a certain Ma(|| f {|L20. 7 1 || Uo |- Q:E.D.

REMARK 4.1. As is easily checked, we see the following: M, and M; can be
chosen so as to be bounded functions in || f || 0. r.#, and || 4|, and also M, can
be chosen so as to be a bounded function in || f||.20. 7., | 4|l and & (0; uo).

Now, define step functions uy and Vunx for each N as follows:

Un(t) = unn and Vaun(t) = e (Unn — Un o) if t € In o

for n =1,2,---,N. Then, by Lemma 4.1 the sequence {ux}%- is bounded in
L>(0, T:: H) and by Lemma 4.2 the sequences {Vnun}n-, and {on(-; un (- NN -
are bounded in L*O0, Ty; H) and L=(0, T,), respectively.

LEMMA 4.4. For any s, t €[0,T\] we have

[un(t) — un(s) | = V(t = s [+ 2en) M.

Proor. Let s € Inm, t €EI.. and m = n. Then, by Lemma 4.2,

|l un(t) — un(s)|

n
= 2 (U, x = Un. k1) "
k=m+1
o -1 2 e 1/2
= Z EN ” en (Uni — uN,k—l)” |€N" — exm
k=m+1.

=V([t—s|+2en)Ma.



322 N. KENMOCHI Israel J. Math.,

5. Convergence of approximate solutions

In this section also we assume that condition (H) is satisfied and show that a
suitable subsequence of {ux} constructed in the previous section converges to a
strong solution V[, f, uo] on [0, T\].

From the facts proved in Section 4 it follows that there is a subsequence {N,}
of {N} such that

Uy —>u in L*(0.T: H)
and
Vi, => it in L*0, T,; H)

as k— o for some u € L=(0, T,; H) and i € L*0, T,; H). For simplicity we
denote these subsequences {un} and {Vnun} by {ux} and {V,un} again
respectively.

LemMa S.1. i=u’ in L¥0,T,; H).

Proor. Let a be an arbitrary element of H and p be an arbitrary real-valued
continuous function on [0, T\] and put

pn(t)=plenn) f tE€Iy., n=12,--- N.

Then
LT' (Vnttn (1), @)pn(t)dt
= g. (Un.n — Un.n-1, @)p(enn)
= (un, v, @)p(Ty) = (U0, a)p(en) — LTI_eN(uN(t), a)en{pn(t + en) — pn(D)}dl.

If the support of p is compact in (0,T,) and if p is once continuously
differentiable, then by letting N — we have

T, T,
L(a(t),a)p(t)dt=—L (u(t), a)p’(1)dt.

This implies that 4’ = a.

LeEmMMA 5.2.

(a) uis an H-valued continuous function on [0, T,] such that u(0) = u,.

(b) There is subsequence {uxn,} of {un} such that un(t)-> u(t) in H for all
te[0,T,] as | > .
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Proor. We denote by Z the set of all rational numbers in [0, T,]. Since
|un(t)|f = M, for all t €[0, T,) because of Lemma 4.1, there is a subsequence
{un,} such that {ux,(t)} weakly converges in H for every t € Z. Now, let us
denote the limit by v(¢) for each t € Z. Then, by Lemma 4.4,

lo()—v(s)|=V]|t-s|M, for any s,t € Z.

Therefore v:Z — H is continuously extended to an H-valued continuous
function on [0, T,]. Again we denote this extension by v. Given t € [0, T,] and
o >0, wefind t, € Z so that |t — ¢, | = 0. Moreover it follows from Lemma 4.4
that for each z € H,

limsup | (un,(t) — v(t), 2)|

[
§lil;n_il;lp{” un, (1) —un, (t) || 1 2 |+ | (un (82) — v(8,), 2) |}
+Ho() —v)]-| 2|
=2VM,dz|.
Hence we see that for every t €[0, T)]
un,(t)-%v(t) in H as | 5>
and u = v on [0, T]. Next observe from (4.7) in Lemma 4.2 and Lemma 4.4 that
I e () = o
= [l un (8) — un (0 |+ 1| 4, (0) — o |
=V(t +2en) M2+ V Maen,

for any t €[0, T\]. Hence || u(t) — uo|| = V M,t for any t € [0, T.,], which implies

that u(0) = u,. Q.E.D.
Again, for the sake of simplicity we denote the subsequence {uy,} in Lemma
5.2 by {un}.

Furthermore we have

LemMma 5.3. Forany t €[0,T,],
(13 (1)) = $(0; o) + MZL (1+] () Pdr.

Proor. Let t be any point in [0, T;] and take a sequence {exm} so that
enm T t as N-> o, Then clearly, ux, .. % u(t) as N —, so that by Lemma 3.1
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& (t; u(t)) =liminf ¢ (enm; un m).
N —~wx

From this together with (4.9) in Lemma 4.2 we infer the required inequality.

LeEmMA 5.4.

T

1 Tl
liminf (V nltn, Uy )dt zf (u’',u)dt.
14

N-—sx JO

Proor. By definition we have

T, N
f (Vnun, uy)dt = Z (Un.n = Un,n-1y UN.n)
0 n=1
N
z2" Z{ (lum,n [P = Nt [P = 27 et [P [ 0 [)-

Since un(T) = un v u(T)) in H as N — = by (b) of Lemma 5.2, it follows
that

Tl
liminf | (Vwun, un)dt Z27'(|u(T) | = || uo|)

N—x 0o

- fr‘(,,f, u)dt. QED.

LeEmMA 5.5.
O () = liminf v_.. P (Un) < .

Proor. We observe from Lemmas 4.1 and 4.2 that

N

M, = O (un) = X end (et )
= 22 end(en(n = 1); Un,n-1) = enm
= :¢~(t —&n; Un(t — en))dt — enM,
and from Lemma 3.1 that for each t €(0, T))

& (t;u(t)) =liminf ¢n(t — en; uUn(t — en)).

Hence by Fatou’s Lemma we have the lemma.
LeMMA 5.6. u is a strong solution of Vo, f, uo) on [0, T,].

Proor. In order that u be a strong solution, it remains to show that
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Tl

.1 J' (' = fu—w)dt = (w)—dJ (1)
0

for all w € D(®;). For this purpose, first we observe from (4.3) that
(5.2 { (Vnun(t) — fu(t), un(t) — v(t))
= dn(t;v(t)) — dn(t;un(t)) for ae. t €0, T))

for all v € D(®iw), where fu(t)=fn . for t€Ily, (n=1,2,---,N). Using
Lemma 3.4, for each w € D(®J") we can find a sequence {vn} such that
vn €E D(Dan), on->w in L0, T;; H) as N—x and limsupy_.®sn(vn) =
& (w). Taking vy for v in (5.2) and integrating the both sides of (5.2) over
[0, T,], we get

Tl
f (Vnttn = frno Un — vn)dt = OJ0(vn) — DIndun).
[\]
Let N — « in this inequality. Then, by noting Lemmas 5.4, 5.5 and the fact that
f~=>f in L¥0, T\; H), we obtain (5.1),

LeMMA 5.7. u has the following property: Foranys,t € [0, T\] withs = t,

(53) (13 1)) — b(s; u(s) = K,f (1+] f(r) P,

where K, is a positive constant depending only on || f||i20.1.:, || 4]l and &(0, us).

Proor. Let t, be any point in (0, T,]. Then it is easy to see that the
restriction of u to [t,, T,] is a unique strong solution of V{a, f, u(t,)] on [t,, T\].
Furthermore, by Lemma 4.2,

I & (to; u(ty)) ' = MZ(IIf”LZ(O.T:H)a ” Uo ”, &(0; uo)).

Therefore, taking ¢, as the initial time and u(t,) as the initial value and repeating
the same arguments as in Sections 4 and 5, we obtain from Lemma 5.3 that for
each t € [t,, Ti]

& (t; u(t)) — b(to; u(te) = K, f (1+]f(r) Py,

where K, = My(||f |lL20.7.m || 4 (to) |l d(to; u(ts))) is a positive constant and, as
was noticed in Remark 4.1, M, can be chosen so as to be a bounded function in
three variables. Hence, if we put

K,= sup Mz("f”L‘(o,T;H)a” u(r) ”» d(r;u(r)),

0<rsT,
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then (5.3) holds for this K. Q.E.D.
Thus the proof of Proposition 4.1 has been compieted.
Finally we prove the following lemma by using Lemma 4.3,

Lemma 5.8. [ Vtu'lli20.1,:m = Ms and | té(t; u(t))| = M; forany t €10, T,].

Proor. Consider a step function 6y on [0, T,) such that

ON(t)z V NN iftEIN‘,.(n=1,2,"',N),
and let v be a positive number. Then (4.13) of Lemma 4.3 implies that
5.4 ” BN(VN“N)|!L2(0,T.:H)§ M,,

provided that N is large enough so that &y < ». Since O (Vnitn) = Vtu' on
(0, T) as N—x in the H-valued distribution sense (this is verfied in a way
similar to that in the proof of Lemma S5.1), it follows from (5.4) that
Vtu' € L*0, T,;; H) and | Vtu' .20 1,1 = Ms. Also, another assertion is ob-
tained by (4.14) of Lemma 4.3 and Lemma 3.1.

6. Global existence of strong and weak solutions
In this section we give proofs of Theorems 2.2 and 2.3.

Proor oF THEOREM 2.2. Let f be givenin L*(0, T; H) and u, in D,. Now, let
7 be the same number as in Proposition 4.1 and consider a partition {0 = T, <
T.<:--<T,=T} of [0,T] such that mp=T>(m—1)% and T, = k7, k=
1,2,---,m —1. Then, by virtue of Proposition 4.1, we can find H-valued
functions u* on [T,-,, k], k = 1,2, - -, m, such that each «* is a strong solution
of Vi, f,u*"(T._)] on [T\, T.], where u®0) = u,. Putting u(t) = u*(¢) for
te[Ti, T], k=1,2,---,m, we clearly see that u is a strong solution of
Vo, f. us) on [0, T] which has the property (2.1). Q.E.D.

The following theorem was recently proved by Nagai and the author [12].

THEOREM 6.1. Suppose that (H) is satisfied. Then we have:

(a) Let u, be any element of D, and f be any function in L*0, T; H). Then
u € L¥0, T; H) is a weak solution of V[, f, us) on {0, T] if and only if there are
sequences {uo.;} C Do and {(u;, 1} CL*0, T; H) X L*0, T; H) such that each u;
is a strong solution of V[, f, ue. .1 on [0, T], s >uand f,-> fin L*0, T; H) as
i— o,

(b) Let uo.; € D, fi € L*0,T; H) and u, be a weak solution of V{, f, u.:]
on [0,T] (i =1,2). Then:
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Na(t) — ux(D | =) ui(s) — uss) P + 2[ (fi(7) — fA7), u(7r) — ux(1))dr

for any s,t €[0,T] with s = t.

The assertion (b) of Theorem 6.1 ensures the uniqueness of a weak solution of
V|, f, us] on [0, T]. With the help of (a) of Theorem 6.1 we can prove Theorem
2.3,

ProoF oF THEOREM 2.3. Let fE€L*0,T; H) and u,€ D,. Choose a se-
quence {u, ;} C D, such that u, ; = u, in H. Then by Theorem 2.2 each problem
Vi, f, uo.:} on [0, T] has a strong solution u;, and according to Theorem 2.1 we
see that w;(t)->u(t) in H uniformly on [0,T] as i >~ for some u €&
C([0, T); H). It follows from (a) of Theorem 6.1 that u is a weak solution of
Vo, f, us) on [0, T]. Since u(t) € D, for a.e. t €[0, T1, the restriction of u to
any interval [y, T] with v >0 is a strong solution of V(¢,f, u(v)] on [v, T]
because of Theorem 2.2. Hence to complete the proof of Theorem 2.3 we have
only to show that Viu' belongs to L*(0, v; H) and t — t¢(t; u(t)) is bounded
on (0, v] for a small v >0.

Let 7 be as in Proposition 4.1 and set T, = min{#, T}. Then, by Lemma 5.8
we see that ” \/‘tu'. ”L’(o.r;m = Ms(”f"L’(o.T;H), ” Uo, i ”) and ' t(t; ui(t))'i =
M| f lcxo. 1m0 | o.i ) for all ¢ €0, T\]. Noting that liminf,_.¢(¢; u(2)) =
&(t; u(t)) for every t €[0, T,] by the lower semicontinuity of ¢(t;-) and that
Viu,—Vtu' on (0,T) as i > in the H-valued distribution sense, we
conclude that V'tu’ € L¥0, T,; H) and the function t — té(t; u(t)) is bounded
in (0, T].

ProoF oF THEOREM 2.4. Since the restriction of u to any interval [v, T] with
v >0 is a strong solution of V[, f, u(v)] on (v, T], the following variational
inequality holds:

T
f w—-fu-vydt =dT(v)—dT(u) forevery v € D(®).
Clearly, for each v € D(®), ®T(v)—> d(v) as v | 0 and
T T
f (u’~f,u—v)dt—>f (W' —fu—v)dt asv | 0,
v 0
because u’' € L*0, T; H). Hence we obtain that
T
J’ (u' — f,u —v)dt =d(v)—dP(u) for every v € D(®),
0

so that u is a strong solution.
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7. Variational inequalities in Banach spaces

In this section we consider parabolic variational inequalities in the following
situation: let X be a real reflexive Banach space contained in H and assume
that X is dense in H and the natural injection from X into H is continuous. Let
{Y(t;-);0=t = T} be a family of proper lower semicontinuous convex func-
tions on X such that for each v € L*(0, T; X) with 2 =< p <, the function
t = (t; v(t)) is measurable on [0, T]. We define

DY ={x € X;y(t;x)<x}foreacht €[0, T]
and a function ¥ on L?(0, T; X) by

jog]

frw(t;v(t))dt if v € DY),
Y(v)=4"°
otherwise,

where D(¥)={v € L°(0,T; X); y(-;v(-NE L0, T)}.

For given uo€ D% (the closure of D¥ in H) and f€ L”(0,T; X*)
(1/p +1/p’=1) we formulate a problem Vx[¢, f, uo] by the following: find a
function u € L?(0, T; X)N C(10, T]; H) such that

(M u0) = ue

) u€DW),

(3) w eL”0,T; X*);

4) [Iu' —fu—-v)xdt =V(v)—W¥(u) for every v € D(V¥).

This is a strong formulation for V[, f, uo] and such a function u is called a
strong solution of V[, f, uo).

As for problem Vx[¥, f, uo] we have

TueorReM 7.1. Let u; be a strong solution of Vx[¢, f,ue:]1 (i =1,2). Then:
for any s, t €[0, T] with s =1,

” u(t) — uxt) ”3{§ ” u;(s) — uys) ”131'*' 2J' (fi(r) = fo{m), ui(7) — uA7))xdr.

This theorem is proved by a method similar to that in the proof of Theorem
2.1

THEOREM 7.2. Assume that the following two hypotheses are fulfilled :
(H,) There is a positive constant C with the property: for each t € [0, T],
ze D% and s €[t, T}, there is € D¥ such that
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[Z-z|x=C|t—s]|,
(s )=g; )+ Clt~ s+ z[[& + |t 2) ).

(H,) There are positive constants bo, b, and b, such that ys(t;z)+ by|| z ||x +
b, = b,[z]% forany t €[0, T] and any z € X, where | - |x is a semi-norm on X so
that [-1x +|:|lu gives a norm on X which is equivalent to |- ||x.

Then for any given u,€ D§ and f€ L*0,T,;H) or f€ L7 (0, T; X*) with
freL?0,T; X*), there is a strong solution u of Vx[,f, uo] such that u €
L=0,T;X), u' € LX0, T; H) and t — (t; u(t)) is bounded on [0, T].

This theorem is able to be proved along arguments similar to those in
Sections 3, 4 and 5. In this case we can consider the difference approximation
for V[, f, u,] on the whole interval [0, T], because we can take T as the
number corresponding to 7 in Proposition 4.1; in fact, there is an X-valued
Lipschitz continuous function k on [0, T'] such that t — (¢ h(t)) is bounded
on [0, T].

REMARK 7.1. An existence theorem for the above type of variational
inequalities was given in [10] under three conditions in addition to (H,) and
(H,). Subsequently Brézis pointed out that as to the existence of a strong
solution the additional three conditions are irrelevant. Also, recently, a few
results concerning weak solutions were proved by Nagai and the author in [12].

Appendix

ProoF oF ProposiTion 1.1. The “if" part is easily proved, so we give a
proof of the “‘only if” part.
Assume that f € 3J(u), or equivalently,

a.1) f"(f,u—v)vdfgj(u)—.r(v)

for every v € L?(t,,¢t,; V). Then, first ‘we see that for each v € L?(t,,t,; V)
with J(v) <, there is a null set E, C[t,,¢,] such that

(f(r),u(r)—v())v Z j(r;u(r)) ~ j(1; v(1))
(@2) { for all 7€ [t 1,] - E..

In fact, for such a function v and for each measurable set G C[t,¢.], put
w(r)=uv(7) if 7€ G and = u(r) otherwise. Then we have by (a.l)
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L {(f(r), u(r) = v(r))y — j(r; u(r)) + j(r; v(r)}dr 2 0.

This shows that (a.2) is valid for some null set E,.

Next, let ¢ be any positive number and fix it. Choose a closed subset F, of
(o, 1;) so that the measure of [to, t,] — F. is not larger than &, f|r, and u|g, are
continuous on F, and j(-; u(-))]g, is finite and continuous on F,. Let t € F, be
any point of density for F, and z be any element of V such that j(¢;z) <.
Then , by assumption, there exists a V-valued function v € L?(¢,, t;; V) such
that v(¢) = z and j(-;v(-)) € L'(t, t,) and such that v is right-continuous at ¢
and

limsup j(s;v(s))=j(t;z).
sl

Applying the above fact for this v, we observe that there is a null set E, C[t,, £
for which (a.2) holds. Here, take a sequence {t,} C F. — E, which converges to ¢
from the right as n — o (in fact, such a sequence {t.} exists, since ¢ is a point of
density for F,), and substitute £, for 7 in (a.2). Then, letting n — =, we obtain

(f(t),uty—z)v Z jt; u(t)) —j(t; z).

Noting that almost every point in F., is a point of density for F., we see for a.e.
t € F, that

(a.3) (f(), u(®)—2z)v Zjlt; u(®) ~jt;2)
for all z € V at which j(t;2) <o,

Moreover, the arbitrariness of ¢ >0 implies that (a.3) holds for a..
t €[t t,]. Hence

f(t) E dj(t; u(t)) fora.e.t €[t t].
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